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Foreword

To write a foreword to Professor Rutkowski’s opus “Flexible Neuro-
Fuzzy Systems,” or FNFS for short, was a challenging task. Today, there
exists an extensive literature on neuro-fuzzy systems, but Professor
Rutkowski’s work goes far beyond what is in print. FNFS ventures into new
territory and opens the door to new directions in research and new
application areas.

First, a bit of history. The concept of a neuro-fuzzy system is rooted in
the pioneering work of H. Takagi and 1. Hayashi, who in 1988 obtained
a basic patent in Japan, assigned to Matsushita, describing a system in which
techniques drawn from fuzzy logic and neural networks were used in
combination to obtain superior performance. The basic idea underlying their
patent was to exploit the learning capability of neural networks for enhancing
the performance of fuzzy rule-based systems. Today, neuro-fuzzy systems
are employed in most of the consumer products manufactured in Japan.

In the years which followed, the concept of a neuro-fuzzy system was
broadened in various ways. In particular, a basic idea pioneered by Arabshahi
et al was to start with a neuro-based algorithm such as the backpropagation
algorithm, and improve its performance by employing fuzzy if-then rules for
adaptive adjustment of parameters. What should be noted is that the basic
idea underlying this approach is applicable to any type of algorithm in which
human expertise plays an essential role in choosing parameter-values and
controlling their variation as a function of performance. In such applications,
fuzzy if-then rules are employed as alanguage for describing human
expertise.
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Another important direction which emerged in the early nineties was
rooted in the realization that a fuzzy rule-based system could be viewed as
a multilayer network in which the nodes are (a) the antecedents and
consequents of fuzzy if-then rules; and (b) the conjunctive and disjunctive
connectives. The membership functions of antecedents and consequents are
assumed to be triangular or trapezoidal. The problem is to optimize the
values of parameters of such membership function through minimization of
mean-squared error, as in the backpropagation algorithm. The problem is
solved through the use of gradient techniques which are very similar to those
associated with backpropagation. It is this similarity that underlies the use of
the label “neuro-fuzzy,” in describing systems of this type. A prominent
example is the ANFIS system developed by Roger Jaing, a student of mine
who conceived ANFIS as a part of his doctoral dissertation at UC Berkeley.

Neuro-fuzzy systems, which are the focus of attention in Professor
Rutkowski’s work, are, basically, in the ANFIS spirit. There is, however, an
important difference. In Professor Rutkowski’s systems, the connectives and
everything else are flexible in the sense that they have a variable structure,
which is adjusted in the course of training. The flexibility of Professor
Rutkowski’s systems, call then FNFS’s, has the potential for a major
improvement in performance compared to that of neuro-fuzzy systems with
a fixed structure.

In another important departure from convention, Professor Rutkowski
employs weighted t-norms and t-conorms instead of the simple “and” and
“or” connectives used in existing neuro-fuzzy systems. Flexible use of such
connectives has an important bearing on performance. Throughout the book,
Professor Rutkowski’s analysis is conducted at a high level of mathematical
sophistication and in great detail. Extensive computer simulation is employed
to verify results of analysis.

An issue that receives a great deal of attention relates to the use of
what is commonly referred to as Mamdani-type reasoning vs. logical
reasoning. In what follows, I should like to comment on this issue since it is
a source of a great deal of misunderstanding and confusion.

The crux of the issue relates to interpretation of the proposition “if X is
A the Yis B,” where X and Y are linguistic variables, and A and B are the
linguistic values of X and Y, respectively. The source of confusion is that “if
X is A then Y is B,” can be interpreted in two different ways. The first, and
simpler ways, is to interpret “if X is A then Yis B,” as “X is Aand Y is B” or,
equivalently, as (X,Y) is AxB, where AXB is the Cartesian product of A and
B. Thus, in this interpretation, “if X is A then Y is B” is a joint constraint on X
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and Y. A source of confusion is that Mamdani and Assilian used this
interpretation in their seminal 1974 paper, but referred to it as implication,
which it is not, rather than as a joint constraint.

An alternative way is to interpret “if X is A then Y is B,” as
a conditional constraint or, equivalently, as an implication, with the
understanding that there are many ways in which implication may be
defined. What should be noted is that, generally, we are concerned with
interpretation of a collection of fuzzy if-then rules, that is, a rule set, rather
than an isolated rule. When “if X is A then Y is B,” is interpreted as a joint
constraint, the concomitant interpretation of the rule set is the disjunction of
interpretations of its constituent rules, leading to the concept of a fuzzy
graph, described in my 1974 paper “On the Analysis of Large Scale
Systems,” Systems Approaches and Environment Problems, H. Gottinger
(ed.), 23-37, Gottingen: Vandenhoeck and Ruprecht. Alternatively, when the
conditional constraint interpretation is used, interpretations of constituent
rules are combined conjunctively.

When response to a given input is sought, the joint constraint interpretation is
distributive, while the conditional constraint interpretation, is not. Simplicity
resulting from distributivity is the principal reason why Mamdani’s
approach, which is based on the joint constraint interpretation, is in
preponderant use in applications. A more detailed discussion may be found
in my paper, “Fuzzy logic and the calculi of fuzzy rules and fuzzy graphs”
Multiple-Valued Logic 1, 1-38, 1996. An important concept within Professor
Rutkowski’s theory is that of flexible compromise neuro-fuzzy systems. In
such systems, simultaneous appearance of Mamdani-type and logical-type
reasoning is allowed.

To say that Professor Rutkowski’s work is a major contribution to the
theory and application of neuro-fuzzy systems is an understatement. The
wealth of new ideas, the thoroughness of analysis, the attention to detail, the
use of computer simulation, the problems at the end of each chapter, and high
expository skill, combine to make Professor Rutkowski’s work a must
reading for anyone interested in the conception, design and utilization of
intelligent systems. Professor Rutkowski and the publisher, Kluwer, deserve
a loud applause.

Lotfi A. Zadeh
December 22, 2003
UC Berkeley
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Chapter 1
INTRODUCTION

Over the last decade fuzzy sets and fuzzy logic introduced in 1965 by
Lotfi Zadeh [113] have been used in a wide range of problem domains
including process control, image processing, pattern recognition and
classification, management, economics and decision making. Specific
applications include washing-machine automation, camcorder focusing, TV
colour tuning, automobile transmissions and subway operations [29]. We
have also been witnessing a rapid development in the area of neural networks
(see e.g. [93, 94, 135]). Both fuzzy systems and neural networks, along with
probabilistic methods [1, 20, 67], evolutionary algorithms [23, 59], rough
sets [69, 70] and uncertain variables [6, 7, 8], constitute a consortium of soft
computing techniques [1, 39, 42]. These techniques are often used in
combination. For example, fuzzy inference systems are frequently converted
into connectionist structures called neuro-fuzzy systems which exhibit
advantages of neural networks and fuzzy systems. In literature various neuro
fuzzy systems have been developed (see e.g. [11, 12, 13, 15, 18, 24, 25, 26,
34, 35, 37, 40, 49, 50, 52, 53, 54, 55, 60, 61, 65, 72, 75, 76, 80-85, 100]).
They combine the natural language description of fuzzy systems and the
learning properties of neural networks. Some of them are known in literature
under short names such as ANFIS [33], ANNBFIS [15], DENFIS [41],
FALCON [51], GARIC [3], NEFCLASS [62], NEFPROX [62, 64],
SANFIS [99] and others. The most popular designs of neuro-fuzzy structures
fall into one of the following categories, depending on the connective
between the antecedent and the consequent in fuzzy rules:
(i)  Takagi-Sugeno method — consequents are functions of inputs,
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(il) Mamdani-type reasoning method — consequents and antecedents are
related by the min operator or generally by a t-norm,

(iii) Logical-type reasoning method - consequents and antecedents are
related by fuzzy implications, e.g.binary, Lukasiewicz, Zadeh and
others (see Chapter 2).

These models are illustrated in Fig. 1.1.

AGI-SUGENO
input | fizzy system output
T e
y=/(x)

IF - THEN

MAMDANI-TYPE

input fuzzy system output
—
min{:r,b}
IF -  THEN
LOGICAL-TYPE
gt | fuzzy system outaul
i P
| max{l—a‘b}
| IF - THEN

Fig. 1.1. Examples of typical fuzzy systems

It should be noted that most applications are dominated by the
Mamdani-type fuzzy reasoning. Moreover, in a specific singleton case, the
Takagi-Sugeno method is reduced to the Mamdani method. On the other
hand, there is a widely held belief about the inferiority of the logical method
comparing with the Mamdani method. However, it was emphasized by
Yager [106, 107] that “no formal reason exists for the preponderant use of
the Mamdani method in fuzzy logic control as opposed to the logical method
other than inertia.” Moreover, Yager said [108] that “as a matter of fact the
Mamdani approach has some disadvantages: its inability to distinguish more
specific information in the face of vague information and the requirement of
having the antecedents of the rules span the whole input space.” This
statement was an inspiration for the author to determine the type of fuzzy
inference (Mamdani or logical) in the process of learning. In Fig. 1.2 we
illustrate the process of learning of fuzzy inference.
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DESIRED SIGNAL

INPUT OUTPUT

ADAPTATION
MECHANISM

Fig. 1.2. Adaptation of fuzzy reasoning to data

To our best knowledge such a concept has not yet been proposed in

literature by other authors. Neuro-fuzzy systems have been treated separately
(Mamdani-type or logical-type) in anumber of books and papers, see
e.g. [15, 28, 76]. A type of the system has never been determined in the
process of learning. We solve that problem in two different ways:

a)

b)

We propose (see Chapter 5) anew class of neuro-fuzzy systems
characterized by automatic determination of afuzzy inference
(Mamdani / logical) in the process of learning. Consequently, the
structure of the system is determined in the process of learning. This
class is based on the definition of an H-function which becomes
a t-norm or t-conorm depending on a certain parameter V which can
be found in the process of learning. We refer to this class as to
OR-type fuzzy systems.

We develop (see Chapter 6) AND-type neuro-fuzzy inference systems
by making use of the concept of flexible structures studied by Yager
and Filev [108]. The AND-type fuzzy inference systems exhibit
simultaneously Mamdani and logical type inferences.

It is well know that introducing additional parameters to be tuned in

neuro-fuzzy systems improves their performance and they are able to better
represent the patterns encoded in the data. Therefore, in this book, in addition
to automatic determination of a system type we introduce several flexibility
concepts in the design of neuro-fuzzy systems, in particular we introduce:

softness to fuzzy implication operators, to the aggregation of rules and
to the connectives of antecedents,

certainty weights to the aggregation of rules and to the connectives of
antecedents,
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parameterized families of t-norms and t-conorms to fuzzy implication

operators, to the aggregation of rules and to the connectives of
antecedents

in both AND-type and OR-type neuro-fuzzy inference systems.

Automatic determination
of fuzzy inference

OR-type fuzzy systems AND-type fuzzy systems
(chapter 5) (chapter 6)

parameter v parameter A

S
Determination of parameters of antecedent-consequent
membership functions

Determination of weights wi* , k=1,...,N,

| describing importance of rules

Y

Determination of weights w},, i=1,...,n, k=1...,N,
describing significance of particular antecedents in all rules

Y
Determination of softening parameters a", o', o
in antecedents aggregation, IF-THEN connective

and rules aggregation

Determination of parameters p*, p', p*™
in parameterized triangular norms

Y

'. ‘ Final fuzzy model ]

Fig. 1.3. Design of flexible fuzzy system

In Fig. 1.3 we show adesign process of flexible neuro-fuzzy systems
developed in this book. In the book, we study a wide class of fuzzy systems
trained by the backpropagation method. Following other authors we call
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them neuro fuzzy inference systems (NFIS). To emphasize their main feature
flexibility, we also use the name FLEXNFIS.

The book consists of nine chapters. Chapter 2 provides an introduction
to the theory of fuzzy sets. In Chapter 3 we describe fuzzy systems with the
Mamdani-type inference and logical-type inference. Moreover, we introduce
the concept of the generalized neuro-fuzzy system. Chapter 4 concentrates on
incorporating various flexibility parameters into the design of neuro-fuzzy
systems. In Chapter 5 we develop the concept of adjustable quasi-triangular
norms and quasi-implications. Based on these concepts, flexible OR-type
neuro-fuzzy systems are presented. Chapter 6 deals with flexible compromise
neuro-fuzzy systems. They are characterized by the simultaneous appearance
of Mamdani-type and logical-type reasoning. In Chapters 7 and 8 we fix the
system type (Mamdani and logical, respectively) and present explicitly
connectionist structures of the Mamdani-type and logical-type systems. In
Chapter 9 we compare all flexible neuro-fuzzy structures studied in the book
and give conclusions and directions for future research. The material
presented in the book is illustrated by many computer simulations. Through
these simulations we show that Mamdani-type systems are more suitable for
approximation problems, whereas logical-type systems may be preferred for
classification problems. Moreover, we observe that the most influential
parameters in FLEXNFIS are certainty weights (introduced in this paper in
a novel way) in connectives of antecedents and in aggregations of rules. They
significantly improve the performance of NFIS in the process of learning.

It should be noted that the book provides a framework for the
unification, construction and development of neuro-fuzzy systems. It
presents complete algorithms in a systematic and structured fashion, easing
the understanding and implementation. Besides, the book contains numerous
examples and exercises following each chapter. Another strength of the book
is that it provides tools for possible applications in business and economics,
medicine and bioengineering, automatic control, robotics, decision theory
and expert systems.

The author thanks Professor Lotfi Zadeh for his Foreword. The author
gratefully acknowledges the material quoted from his previous works
published by IEEE and Springer-Verlag. For a complete listing of quoted
articles the reader is referred to the “References”. The author also gratefully
acknowledges Krzysztof Cpatka and Robert Nowicki, his former Ph. D.
students, for the material being a part of our joint research and included in
the book. 1 also want to express appreciations to my editor
Susan Lagerstrom-Fife, assistant editor Sharon Palleschi and other staff
members at Kluwer Academic Publishers.
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Chapter 2
ELEMENTS OF THE THEORY OF FUZZY SETS

2.1. INTRODUCTION

Traditional knowledge representation is based on bivalent logic.
However, human thinking and behaviour is strictly connected with
imprecision and uncertainty. The traditional Boolean algebra, characterized
by categorical values of truth and falsehood, is not able to cope with such
problems. Fuzzy logic is an extension of the traditional logic to intermediate
and approximate values. The concept of fuzzy logic was proposed and
developed by Zadeh [113-134]. In this chapter we recall the basic definitions
and properties of fuzzy sets and fuzzy reasoning which will be useful in the
next chapters.

2.2. BASIC DEFINITIONS

Definition 2.1.
A fuzzy set A defined in space X is a set of pairs:

A={x,z,(x))xe X}, Vxe X 2.1)
where g, : X — [0,1] is a membership function of the fuzzy set A , which for

every element x€ X assigns its membership degree i, (x)e [0,1] to the

fuzzy set A. The set X is called auniverse of discourse and we
write 4 ¢ X.
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The fuzzy set A is completely determined by the set of pairs (2.1). When the
universe of discourse is discrete and finite with cardinality n, that is
X ={x,,..,x, }, the fuzzy set A can be represented as

A=Z,UA(xi)/xi=ﬂA(x|)/xl+”'+/uA(xn)/xn (2.2)
=]
or equivalently
AziluA(xi)=1uA(xl)+___+:uA(xn) (2.3)
= X X X

When the universe of discourse X is an interval of real numbers, the fuzzy
set A can be expressed as

A= )f( w1, (x)/ x (2.9
or
A= I ,UA(X) (2.5)
X X

respectively. Symbols Z,+,f in formulas (2.2)-(2.5) refer to the set union,

not to the arithmetic summation. Similarly, there is no arithmetic division in
these formulas. This symbolic notation is used in order to connect an element
and its membership value. The same notation can be applied in the
multidimensional case.

Example 2.1.
Let X= {4,5,6,789,10,11}. We will define a set of natural numbers “close
to 8” by making use of the following fuzzy set

03 E_ng_‘_gﬁ 1 08 07 05

A="+ +—-+ +—+— (26)
4 5 6 7 & 9 10 1

We will now present frequently used membership functions defined
in XcR.

a) Singleton Membership Function

Singleton is a membership function taking value 1 only in one point X of the
universe of discourse X and 0 otherwise

1 for x=X
. = : 2.7
IUSmgI (X) {0 fOl' X =% ( )
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b)  Gaussian Membership Function

A Gaussian membership function has two parameters: X -responsible for its
center and o -responsible for its width

ucm(x)=exp[—(""f j] 28)

o

c) Generalized Bell Membership Function

A generalized bell membership function has three parameters: a -responsible
for its width, ¢ -responsible for its center and b -responsible for its slopes

.uBen(x) = _i_%_ 2.9)

d) Sigmoidal Membership Function

A sigmoidal membership function has two parameters: a -responsible for its
slope at the crossover point x = ¢

_ 1
" 1+expl-a(x-c)]

ﬂSigm (x) (2 10)

e) Triangular Membership Function

A triangular membership function 1is fully described by three
parameters {a,b,c}, a<b<c

0, x<a
Z"a,anSb
)= 0 ’ @1
—, b<x<c
c—=b
. 0, c<x

or by an alternative formula to Equation (2.11)

Hriangie = (x)= max(min(x == ) £ 4 ),Oj (2.12)
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f) Trapezoidal Membership Function

A trapezoidal membership function is fully described by three
parameters {a,b,c,d},a<b<c<d

0, x<a
x-—a’ as<x<b
b—-a
luTrap(x):ﬁ 1: b<x<c (213)
d_x, c<x<d
d-c
Os de
or by an alternative formula to Equation (2.13)
. (x=a , d-x
x)=max| min| ~——,1,—— |,0 |- (2.14
/u’l‘rap() ( (b-—a d—c) J )

Typical membership functions are depicted in Fig. 2.1

(a) Singleton (b) Gaussian (c) Generalized bell

_ - e 0l
(d) Sigmoidal (e) Triangular (f) Trapezoidal

1

Fig. 2.1. Examples of membership functions
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Definition 2.2.
The height of a fuzzy set A is a maximal value of its membership function

hgt(4)=sup 4,(x). (2.15)

If hgt(A) =1, then A is called a normal fuzzy set, otherwise it is subnormal.

Example 2.2.
If X={2,34,5} and

(2.16)

then hgt(A) =0.9.

Definition 2.3.
The support of afuzzy set A is aset of all points x in X such that
1,(x)>0,ie.

supp(4) = {xe X|x,(x)>0} (2.17)
Example 2.3.
If X={12345} and

A=E+9'—‘-‘-+% (2.18)

then supp(A) = {1,3,4}.
Definition 2.4.
The core of a fuzzy set A is a set of all points x in X such that z,(x)=1

core (4)={xe X| ,(x)=1} (2.19)

In other words, we can say that a fuzzy set is normal if its core is nonempty.

Example 2.4.
IfX=1{1,2,3} and

A=—"4—4+-—= (2.20)

then core(A) = 2.

Definition 2.5.
A fuzzy set A is convex if and only if for any x,,x, € X" and any A€ [0,1]

,UA(;{'XI +(l"l)xz)zmin{/iA(xl)nuA(xz)} (2.21)
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Definition 2.6.

A fuzzy set A is afuzzy number when X< R" and A is normal and
convex.

Definition 2.7.
A fuzzy set A is symmetric if its membership function is symmetric around
a certain point ¢

i, (c+Ax)= pu,(c-Ax) (2.22)
with c+Axe X and c-Axe X.

Definition 2.8.
The cardinality of a fuzzy set A is defined as

4= [p4(x) dx (2.23)

and in case of a discrete universe the integration is replaced by summation.

Definition 2.9.
The concentration of a fuzzy set A in X, denoted by CON(A), is defined by

/UCON(A)(X) = (IUA (x))2 (2.24)
for all xe X.
Example 2.5.
If X={1,2,3,4} and

A=—Qﬁ+g§+l (2.25)
1 2 4
then CON(A):O_'@.;._@.FL_
1 2 4

Definition 2.10.
The dilation of a fuzzy set A in X, denoted by DIL(A), is defined by

IUDIL(A)(X) = (:uA (x))os (2.26)
for all xe X.
Example 2.6.
IfX={1,23}and

0.16 1 0.64

=y 2.27
1 2 3 27)
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04 1 08
—_— .
1 2 3

then ,umL(A)(x) =
Definition 2.11.
If A is a fuzzy set in X, then its cylindrical extension in XxY is a fuzzy set
ce(A, XxY) defined by

ce(4,XxY)= [ T2 (x) (2.28)

2.3. TRIANGULAR NORMS AND NEGATIONS

Definition 2.12.
A t-norm is a function T of two variables

T:[01]x[01]— [0.1], (2.29)
satisfying the following conditions:
1) T is monotonic

T{a,c}< T{b,d} whenever a<bh and c<d, (2.30)

2) T is commutative

T{a,b}=T{b,a}, (2.31)
3) T is associative
T{T{ab}c}=T{a,Tib.ch, (2.32)
4) T satisfies boundary conditions
T{a,0}=0, T{al}=a, (2.33)

where a,b,c,d € [0,1].

Further, a t-norm on arguments a and b will be denoted by

T
T{a,b}=axb. (2.34)
The associativity condition allows to extend Definition 2.12 to n>2

arguments, i.e.
T T

n n- T
Z’I{a,.}= T{ Z:{ai},an} =T{a,a,....a,}=T{a}=aq,*a, *...xa, (2.35)

Definition 2.13.
A t-conorm is a function S of two variables

sfo1)x[01]—=[0.], (2.36)
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that satisfies the following conditions:
1) § is monotonic

S{a,c}< 5{b,d} whenever a<b and c<d, (2.37)

2) § is commutative

S{a,b}= S{b,a}, (2.38)
3) S is associative
S{s{a,b}c}=${a,5{b.c}}, (2.39)
4) § satisfies boundary conditions
S{a0}=a, S{al}=1, (2.40)

where a,b,c,d € [0,1].

Further, a t-conorm on arguments a and b will be denoted by

S{a,b}:aib. (2.41)

The associativity condition allows to extend Definition 2.13 to n>?2
arguments, i.e.
N

n n-1
Slat=s{Slaba}=slaal=sli=asar.ie, @4

Example 2.7.
The min/max triangular norms are defined as follows:
T,{a,a,}= min{a,a,} (2.43)
S, {a,a,} = max{a, a,} (2.44)
T, {a.a,,...,a,}= min {a,} (2.45)
SM{a,,a2,...,an}=r_rllax{a,} (2.46)

We will also referto T,, and §,, as to Zadeh’s triangular norms.

Fig. 2.2. Min/max triangular norms

The min/max triangular norms are depicted in Fig. 2.2.
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Example 2.8.
The algebraic triangular norms are defined as follows:
Tina}t=aa, (247)
Spa,a,t=a,+a,-aa, (2.48)
T{a,a,....,a,} =] 4, (2.49)
i=1
Splavay,....,a,}=1-T](t-a) (2.50)
i=|

The algebraic triangular norms are depicted in Fig. 2.3

Fig. 2.3. Algebraic triangular norms

The t-norm (2.47) is also known under the name of a product t-norm (or
algebraic product), whereas the t-conorm (2.48) is known under the name of
a probabilistic sum (or algebraic sum).

Example 2.9.
The bounded triangular norms are defined as follows:
T,{a,a,} = max{a, +a, 1,0} (2.51)
S,{a,a,}=min{a, +a,,1} (2.52)

TL{a,,az,...,an}=max{iai—(n—l),O} (2.53)

i=l

S {a.a,,...,a,}= min{i a,.,l} (2.54)
i=l

Fig, 2.4. Bounded triangular norms
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The t-norm (2.51) and (2.52) t-conorm are also known under the name of the

Yukasiewicz triangular norms.

Example 2.10.
The drastic triangular norms are defined as follows:

I faa)= 0 if S,{a.q,}<1
PSP ) it S, laa)=

1 if T,{a,a,}>0
SM{al'a2} if TM{avaz}:O

sD{a..a2}={

T,{ b= 0 it Sy f{aa,.a,}<1
Dy, sy [ = TM{apaz""’an} if SM{al’az’“"a”}:l
1 if T,{a,a,...,a,}>0

SD{a,,az,..-,a,, ={SM{a|;a25""an} if TM{a|ra2""’an}=0

(2.55)

(2.56)

(2.57)

(2.58)

The drastic triangular norms are depicted in Fig. 2.5. Observe that formulas

(2.55) and (2.56) can be alternatively expressed by:
a 1f a,=1
T {a,a,}=1a, if a =1

0 if a,a,#1

a if a,=0
Sy{a.a,}=4a, if a =0
0 if a,a,#0

respectively.

Fig. 2.5, Drastic triangular norms

All t-norms and t-conorms satisfy the following conditions:
S, {a.ay,...,a,}< S{a,ay,...0a,}< Spfana,,. .00, }

T, {a,a,,...,a,}< T{a,,az,...,a"}s T,{a,a,,...,a,}

(2.59)

(2.60)

(2.61)
(2.62)
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Definition 2.14.

A t-norm and t-conorm are dual if they satisfy conditions:
S{a}= 1-T{l~a} (2.63)
Tla}=1-5{-a) (2.64)

It is easily seen that condition (2.63) and (2.64) are De Morgan’s laws, well
known in the classical set theory.

Definition 2.15.

(i) A non-increasing function N :[0,1]—) [0,1] is called anegation if
N(0) = 1 and N(1) = 0.

(i) A negation N:[01]— [0,1] is called a strict negation if N is
continuous and strictly decreasing.

(iii)) A strict negation N :[0,1]—) [0,1] is called a strong negation if it is an
involution, i.e., if N(N(a)) = a .

Example 2.11.
Zadeh’s negation is defined by

N(a)=1-a (2.65)
and depicted in Fig. 2.6.

Nla)

Fig. 2.6. Zadeh’s negation

Example 2.12.
Yager’s negation is given by

1
N@)=(l-a?)r , p>0 (2.66)
and illustrated in Fig. 2.7.
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[—=p=05 |
—p=10 |
g .......... p=15 ‘

Fig. 2.7. Yager’s negation

Example 2.13.
Sugeno’s negation is given by

(2.67)

[e p==0.5 |
| l—p=0.0
ol

SEPRECS

Fig. 2.8. Sugeno’s negation

2.4. OPERATIONS ON FUZZY SETS

Definition 2.16.
The intersection of two fuzzy sets 4,B < X is a fuzzy set denoted by 4~ B

whose membership function is given by

13y (8)= 12, (K% 12, (x) (2.68)

T
where * is any t-norm.
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The intersection of n fuzzy sets A4, 4,,..,4, < X is afuzzy set denoted by

i=l

A=A, N4, N.A, =4, withamembership function defined by

I iy (2.69)
Definition 2.17.
The union of two fuzzy sets 4,Bc X is afuzzy set denoted by AU B

whose membership function is given by

fao ()= 2, (x)* 2, (x)

S
where * is any t-conorm.

(2.70)

The union of n fuzzy sets A4,4,,.,4, € X is afuzzy set denoted by

A=4 VA V.4, = LnJ A; with amembership function defined by
i=l

#4(x)=3 1, (%) @71

In Figures 2.9 and 2.10 we illustrate Definitions 2.16 and 2.17 for min/max
and algebraic triangular norms, respectively.

PSS | o, Y

>
X

>
x
Fig. 2.9. Intersection and union operations based on min/max triangular norms

r A P A
a, ()%, (x

Yy

>
X

Fig. 2.10. Intersection and union operations based on algebraic triangular norms
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Definition 2.18.
The complement of a fuzzy set A, denoted by A, is defined by

#;(x) =1~ 1, (x) (2.72)

An example is shown in Fig. 2.11.

Yy (xi

Fig. 2.11. Complement operation

Definition 2.19.
The Cartesian product of two fuzzy sets A X and BgY, is denoted by
A x B, and defined as

Hpe (%, y) = min{uz, (x), 42, (y)} (2.73)

or

Has (6,¥) = 1, (%) 115 () (2.74)
where xe X and ye Y.

The Cartesian product of n fuzzy sets 4, cX,, 4,cX,,..., 4,cX,, 18
denoted by 4,XA4,X...X4,, and defined as

H gt xa, (xl sXy5ee 0 X, ) = 2}“}'{/41 (xi )} (2.75)
or

Huxax.xa, (Xl »Xgee X, ) = H,UA, (x,-) (2.76)
i=l

In Figures 2.12 and 2.13 we depict the Cartesian product defined by the
minimum operator and the product operator, respectively. In a general case
the Cartesian product is defined by a t-norm.
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)
RN
Ay

S Al S

Tt NN e a0

NI X
e

Fig. 2.13. Cartesian product defined by product operator

2.5. FUZZY RELATIONS

The most important definitions in fuzzy reasoning are concerned with
fuzzy relations.

Definition 2.20.

Let X and Y be two universes of discourse. Binary fuzzy relations, denoted
by R , are fuzzy sets which map each element in XxY to a membership
grade 4, (x,y), where xe X and ye Y. We write

R=S* (x,y) (2.77)
XxY (X;Y)
or
R= [ falxy) (2.78)
vy (%)

in discrete and continuous cases, respectively.
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Example 2.14.
We apply Definition 2.20 to describe the imprecise statement that “y is

about equal x”. Let X ={34} and Y = {4,5}. A fuzzy relation R can be
defined as follows

1 + 0.8 N 0.8 + 0.6
44) (43) (54) (53)

Fuzzy relation (2.79) can be expressed in the matrix-form
0.8 0.6
R=
1 08
The next definition shows how to reduce the dimension of the product space

by taking the supremum of the membership function over the domain of the
variable corresponding to the dimension to be eliminated.

(2.79)

Definition 2.21.
Let R be afuzzy relation defined on the Cartesian product XxY. The
projection of R onto Y is defined as

sup /1, (x,y)
proj(R;Y) = I————“"
veY y
where (1, (x,y) is the membership grade of the pair (x,y) to the fuzzy
relation R .
Definition 2.22.

Let R and S be fuzzy relations in XxY and YxZ, respectively. The
sup-T composition of R and § is a fuzzy relation denoted by RoS € XXZ
and defined by

ﬂMmﬁw%ww%&ﬁ} 2.80)

yeY

Definition 2.23.
The sup-T composition of a fuzzy set 4 £ X and fuzzy relation R € XXY

is a fuzzy set
B=A°RcCY (2.81)
defined by
T
b (5)= 0 (5) s 61, ) 2.8

xeX
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It should be noted that using Definitions 2.11 and 2.21, composition (2.81)
can be alternatively expressed as follows

B = AoR=proj{(ce(4;XxY)NR),Y} (2.83)

2.6. FUZZY REASONING

The basic rule of inference in classical logic is modus ponens. The
compositional rule of inference describes a composition of a fuzzy set and
a fuzzy relation. Fuzzy rule

IF x is 4 THEN y is B (2.84)

is represented by a fuzzy relation R . Having given input linguistic value A,
we can infer an output fuzzy set B’ by the composition of the fuzzy set A’
and the relation R. The generalized modus ponens is the extension of the
conventional modus ponens tautology, to allow partial fulfilment of the
premises:

Premise x is A
Implication IF x is A4 THEN y is B
Conclusion y is B

where A, B, A’,B’ are fuzzy sets and x, y are linguistic variables. Following
formulas (2.81) and (2.82), a fuzzy set B” is defined by

B'=A"oR=A"o(4— B) (2.85)
and
T
:uB'(}’)zﬂA’oR(y)zsuE{ﬂA'(x)*#R (xa}’)} (2.86)

The problem is to determine the membership function of the fuzzy relation
described by

# (%, 9) = P45 (% y) (2.87)
based on the knowledge of z,(x) and ,(y). We denote
Hass (0 7) =1, (x), 124 (7)) (2.88)

where I(-) is a fuzzy implication given in Definition 2.24 (see Fodor [21]).

Definition 2.24.

A fuzzy implication is afunction [: [0,1]2 - [O,l] satisfying the following
conditions:

(1) if @ Sa,,then I(a,,a,)>I(a,,a,), for all a,,a,,a, € [0,1],
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(12) if a, Sa,, then I(a,,a,)<1(a,,a,) , for all a,,a,,a,€[0]],
i I (O,az) =1, for all @, € [O,l] (falsity implies anything),

14 1 (al ,l)= 1, for all g, € [O,l] (anything implies tautology),
I5) 1(1,0) = 0 (Booleanity).

Selected fuzzy implications satisfying all or some of the above conditions are
listed in Table 2.1.

Table 2.1 Fuzzy implications

No Name Implication I(a,b)
1 Kleene-Dienes (binary) max{] —a,b}
2 Lukasiewicz min{l,l —a +b}
3 Reichenbach l-a+a-b
1 if a<bh
8 TEDR {max{l -ab} if a>b
1 if a<b
5 Rescher {0 & ook
| if a=0
6 Goguen {min{l,%} if a>0
7 Godel {1 H; SR
b if a=b
1 if a=0
' Taget {h“ if a>0
9 Zadeh max{min{a,b}1-a}
. . max{l —a,b},
. et mm{max{a,l —b,min{l —a,b}}}
l—a if b=0
11 Dubois-Prade b if a=1
[ 1 if otherwise

In this table, implications 1-4 are examples of an S-implication associated
with a t-conorm

I(a,b)=S{l-a,b} (2.89)
Neuro-fuzzy systems based on fuzzy implications given in Table 2.1 are

called logical systems. Implications 6 and 7 belong to a group of
R-implications associated with the t-norm T and given by

1(a,b)=sup{z|T{a, 2} b}, a,b€[0,]] (2.90)

The Zadeh implication belongs to a group of Q-implications given by
I{a,b)=S{N(a),T{a,b}}, a,be 0] (2.91)
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It is easy to verify that S-implications and R-implications satisfy all the
conditions of Definition 2.24. However, the Zadeh implication violates
conditions I1 and 14, whereas the Willmott implication violates conditions

I1, I3 and I4. In practice we frequently use Mamdani-type operators
(see Section 3.1) which do not satisfy conditions of Definition 2.24.

2.7. PROBLEMS

Problem 2.1. Let X ={1,2,3,4,5}and

_08 1,07 (2.92)
23 4

p=26,1,04 (2.93)
345

Determine the intersection and union of fuzzy sets A and B using the
min/max triangular norms.

Problem 2.2. Let X ={1,2,3,4,5}and

A=0;5+l+0—'8 (2.94)
2 3 5
Find the complement A of A and determine
AN and AUA (2.95)

using the min/max triangular norms. Discuss the results and compare with
traditional logic.

Problem 2.3. Repeat Problem 2.2 using the algebraic triangular norms.

Problem 2.4. Let X = {24}, Y = {245} and

4=26,08 (2.96)
2 4
p=04,09 02 (2.97)
2 4 5

Find the Cartesian product of A and B.

Problem 2.5. Let X ={x,,x,} and Y = {3y, }- Let

R{o.a 0.6} (2.98)
07 1
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be the fuzzy relation defined on the Cartesian product XxY. Find the
projection of R onto Y.

Problem 2.6. X={x,x,}, Y={p,,»,} and Z = {z,,2,,2,} Define the fuzzy

relations
R= 03 06 (2.99)
07 1
and
S 04 0.7 09 (2.100)
08 1 05

in XxXY and YXZ, respectively. Determine the sup-T composition of R
and § using the min t-norm.

Problem 2.7. Let X ={x,,x,,x,} and Y ={y,, »,} Let

A=E+—1—+£ (2.101)
X5 X
and
0.6 038
R=|03 1 (2.102)
09 04

where 4 X and R ¢ XXY Determine the sup-T composition of fuzzy set
A and fuzzy relation R .

Problem 2.8. Show that for the singleton fuzzy set 4" formula (2.86) takes
the form

g (9) = 1(1, (%), 12, ()) (2.103)

Problem 2.9. Verify if the min/max triangular norms are dual.

Problem 2.10. Prove that all t-norms and t-conorms satisfy conditions (2.61)
and (2.62).

Problem 2.11. Verify if the Rescher and Yager fuzzy implications satisfy
conditions of Definition 2.24.



Chapter 3

FUZZY INFERENCE SYSTEMS

3.1. INTRODUCTION

In up-to-date literature two approaches have been proposed to design

fuzzy systems having linguistic descriptions of inputs and outputs. The
fundamental differences between them is explained in the Foreword to this
book written by Professor Lotfi Zadeh.

®

The first approach, called the Mamdani method, uses a conjunction for
inference and a disjunction to aggregate individual rules. In the
Mamdani approach, the most widely used operators measuring the
truth of the relation between the input and output are the following

I(a,b)=min{a,b} 3.1
and
a,b)=a-b (3.2)
or more generally
I(a,b)=T{a,b} (3.3)

It should be emphasized that formulas (3.1) and (3.2) do not satisfy the
conditions of a fuzzy implication formulated by Fodor [21]. Following
Mendel [57, 58], we refer to (3.1) and (3.2) as to ‘“engineering
implications” contrary to the fuzzy implications satisfying the
axiomatic definition (see Definition 2.24).
The aggregation is performed by the application of a t-conorm

N

N § n
Sfa,a,,....a,}=S{a}=a,*a,*...xa, = é’l{ai} (3.4)
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e.g.
sfa}= glla)i{a,.} (3.5)

It should also be noted that in most cases the aggregation of rules is
performed as part of the defuzzification (see, e.g. [58, 100]).

(i1)  The second paradigm applies fuzzy implications to the inference and
the conjunction to the aggregation. Instead of using the “engineering
implication” (3.3) we design fuzzy systems based on the fuzzy
implications defined in Section 2.6.

For fuzzy systems with alogical implication, the aggregation is
realized by a t-norm
T

T{a,a,....a,}=Tfa}=q, :az *...ian = i‘l{a,.} (3.6)

e.g.,
T{a}= igll.i.a{a,.} (3.7)

It should be noted that the aggregation of antecedents in each rule is
performed by the same formula (3.6) for both Mamdani and
logical-type systems.

In the next sections we present a formal description of neuro-fuzzy systems
and illustrate Mamdani-type and logical-type reasoning on various
“engineering” and fuzzy implications. A generalized neuro-fuzzy inference
system will be introduced, which reflects a structure of all neuro-fuzzy
systems studied in this book. We will also provide data sets on which all
systems, developed in the next chapters, are tested and compared.

3.2. DESCRIPTION OF FUZZY INFERENCE SYSTEMS

In this book, we consider multi-input-single-output fuzzy NFIS
mapping X — Y, where Xc R" and Y c R. The system (see Fig. 3.1) is
composed of a fuzzifier, a fuzzy rule base, a fuzzy inference engine and
a defuzzifier.

The fuzzifier performs a mapping from the observed crisp input space
X c R" to a fuzzy set defined in X . The most commonly used fuzzifier is
the singleton fuzzifier which maps X = [)?,,..,,)_cn]e X into fuzzy set 4"¢ X

characterized by the membership function

;z,,,(x)={1 if

3.8
0 if G5
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The fuzzy rule base consists of a collection of N fuzzy IF-THEN rules,
aggregated by the disjunction or the conjunction, in the form

IF  x is 45 AND

R0, x, is Af AND ... (3.9)
x, is Af
THEN y is B*
or
R :IFxis 4* THEN yis B* (3.10)
where x=[x,...,x,Je X, yeY, 4 =4 x4 x..xa}, 4", 4", 4"

are fuzzy sets characterized by membership functions 7y (x,.), i=1,...,n,

k=1,...,N , whereas B* are fuzzy sets characterized by membership
functions ﬂB,(y), k=1,...,N. The firing strength of the &k-th rule,

k =1,..., N, is defined by
7@ =T, E)l= 0 ®) @3.11)

In the book notations 7, and 4 , (')Z) will be used interchangeably.

X EEE— |M77 \”]‘nfe}gn;;e i . . ¥
— Fuzzifier ‘—b‘ zY . - Defuzzifier
| Engine |

i Fuzzy Rule Base
L

Fig. 3.1. Fuzzy inference system

The fuzzy inference engine determines the mapping from the fuzzy sets in
the input space X to the fuzzy sets in the output space Y . Each of N rules
(3.9) determines a fuzzy set B* 'Y given by the compositional rule of
inference

B*=4o(4* > B*) (3.12)

k k k
where 4 = 4" X 4," X...x 4," .

Fuzzy sets BY, according to formula (3.12), are characterized by
membership functions expressed by the sup-star composition

T
s ()= sug{ﬂ; O A1 gt (5 y)} (3.13)
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T
where * can be any operator in the class of t-norms. It is easily seen that for

acrisp input x= [xl,...,xn]e X, i.e., the singleton fuzzifier (3.8), formula
(3.13) becomes
M (})) = 'u,q,‘x.xA,,‘—)B‘ (i: Y)
=My (X (—,y) (3.14)

_I(/u,q* lug" )

where I(-) is an “engineering implication” or fuzzy implication. More

[ g 1 ®), 22, ()

for the Mamdani approach

11,0 (®), 10 () =3 313
Lyt (), 10 ()

| for the logical approach

precisely,

As we mentioned in Section 3 1, in the Mamdani approach
Lot @) 120 ) =Tl o (®) 2,0 0} (3.16)

In the logical approach we apply fuzzy implications listed in Table 2.1. Other
definitions of fuzzy implications can be found in [14]. The Kleene-Dienes,
Lukasiewicz, Reichenbach and Fodor implications are examples of the
S-implication given by

L (100 (@) 1250 (0) = ST =12, ®), 12, )} 3.17)

Obviously, an S-implication can be generated by various t-conorms given in
Section 2.3 and Table 4.1 (see also Section 4.4 for a definition of the
S-implication generated by the Dombi t-conorm).

The aggregation operator applied in order to obtain the fuzzy set B’ based
on fuzzy sets B*, is the t-norm or t-conorm operator, depending on the type
of fuzzy implication. In Table 3.1 we describe connectives in the Mamdani
approach and logical approach. In case of the Mamdani approach, the
aggregation is carried out by

B’=LNJ§" (3.18)

The membership function of B’ is computed by the use of a t-conorm, that is
N

Hy (V)= S 115, (y) (3.19)
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When we use the logical model, the aggregation is carried out by
N
B'=(B* (3.20)
k=1
The membership function of B’ is determined by the use of a t-norm, i.e.

1y ()= Tt ) (3.:21)

As aresult of the fuzzy reasoning we obtain the fuzzy set B’.

Table 3.1 Operations in fuzzy inference

System Aggregation of 2 Aggregation of
type antecedents Lot gl rules
Mamdani t-norm wIBINEEnNg t-conorm
t-norm
Logical t-norm logical t-norm

The defuzzifier performs a mapping from the fuzzy set B’ to a crisp point y
in Yc R. The COA (center of area) method is defined by the following

formula
[y s (y)ay
=t — (3.22)
Iﬂy (y)dy
Y
or by
N
Z?r ‘/15’(7)
y=rle— (3.23)

> w7

r=|
in the discrete form, where y" are centers of the membership functions
,uB,(y), ie, forr=1,...,N

ty (5") = max{us, ()} (3.24)

For other definitions of the defuzzifier the reader is referred to [58].
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Remark 3.1: Formula (3.14) has been derived assuming a singleton fuzzifier
given by (3.8). The fuzzifier characterized by the membership function that
equals 1 for x =X and decreases from 1 as x moves away from X is called
a non-singleton fuzzifier. An example of the non-singleton fuzzifier is the
fuzzy set A" with the Gaussian membership function

uA:(x)=exp[—£3‘—"i’ZLf"—‘i—)] (3.25)

o

It should by noted that formula (3.23) is also applicable to systems with
a non-singleton fuzzifier. However, in such a case equation (3.14) is not valid
and the sup-star composition (3.13) should be determined by the use of
formula (2.83). According to that definition we should follow the following
steps:

a) Find the cylindrical extension of A" on XxY given by

ce(4;XxY)= “A (3.26)

Xxy
b) Find the intersection, denoted by c*, of ce(A';XxY) and fuzzy
relation 4¥ — B*, i.e.
ct =ce(d;XxY)N (4 > B*) k=1,.,N (3.27)
) Find the projection of ¢* on XxY, i.e.
B =4'o(4* - B*)
= proj(c",Y) (3.28)
sup /2., (x, )

xeX

Y y
We will illustrate these steps on a number of examples in Sections 3.3
and 3.4.

3.3. MAMDANI-TYPE INFERENCE

The first rule in this approach is the minimum rule, called also the
Mamdani rule. It is defined by equation

Ky (x,y)=minfu, (x), 4, ()} (3.29)

Figures 3.2-a, b and 3.3-a, b depict an exemplary reasoning process for this
fuzzy relation. They describe two cases. The first case shown in Fig. 3.2-a, b
concerns singleton fuzzification (3.8), i.e. the reasoning expressed by (3.14).
In Fig. 3.2-a we assume one crisp input, n = 1, and three rules, N = 3. The

results of fuzzy reasoning for each rule are represented by fuzzy sets B', B’
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and B*. These sets are aggregated in Fig. 3.2b by the use of three methods:
the maximum t-conorm, the algebraic sum t-conorm and the bounded sum
t-conorm. Figures 3.3-a and 3.3-b concern a non-singleton case and show the
complexity of such areasoning process. In the non-singleton case the
reasoning is described in Remark 3.1 and the aggregation is performed as in
the crisp case.

7%

i

x y y

'
hounded

'
algebraic

B!

max

¥

y y y

Fig. 3.2b. Illustration of fuzzy inference based on the Mamdani rule
for a crisp input-aggregation
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#

4

Fig. 3.3-a. Illustration of fuzzy inference based on the Mamdani rule-general case

» H
Br

max

r r
B{nfge:‘uw( Bboundcd'

y y y

Fig. 3.3b. Nllustration of fuzzy inference based on the Mamdani rule
for a general case — aggregation
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The second fuzzy reasoning rule belonging to the discussed group is
algebraic product known under the name of the Larsen rule given by

P (009)= (%) 1 (9) (3:30)
Similarly to the Mamdani case, the Larsen reasoning process is shown in
Figures 3.4-a, b and 3.5-a, b. Figures 3.4-a, b concern the singleton fuzzy set

A’, whereas Figures 3.5-a,b depict amore general case with the
non-singleton set 4”.

H I 1
!
41\¢
x
)u‘ ;IA ;f‘
X
7 1y 1
A ] A‘i 3
E_;_z
X y y

Fig. 3.4-a. lllustration of fuzzy inference based on the Larsen rule
for a crisp input

B B,

’
i algebraic B bounded

=y

H y

Fig. 3.4-b, Tlustration of fuzzy inference based on the Larsen rule
for a crisp input-aggregation
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)
HT ce(4))nA3—B*

Fig. 3.5-a, Tilustration of fuzzy inference based on the Larsen rule-general case

H H 7

r r
B B algebraic bounded

Hax

'

y y

=y

Fig. 3.5-b. Illustration of fuzzy inference based on the Larsen rule
for a general case - aggregation

Obviously, many other t-norms represent “engineering implications”. The
reader can easily analyse afuzzy reasoning based on various t-norms
analogously to the Mamdani rule (3.29) and to the Larsen rule (3.30).
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3.4. LOGICAL-TYPE INFERENCE

Membership functions of the relation A4* — B* wused in the
logical-type inference are a generalization of implications in the classic
(non-fuzzy) propositional logic, therefore we call them fuzzy implications
(see Definition 2.24). One of the simplest fuzzy implications is the binary
implication (Kleene-Dienes implication), defined by

tg (5 )=max{l- g1, (%), a2, ()} (3.31)
7 70 7

\ E.‘
1w\

82
J

H E}

A! AJ B?

V- y

Fig. 3.6-a. lllustration of fuzzy inference based on the binary (Kleene-Dienes) inference
for a crisp input

'
vl B ’ /
min algentale Bbouuded

L
>

>

y y y

Fig. 3.6-b. Illustration of fuzzy inference based on the binary (Kleene-Dienes) inference
for a crisp input-aggregation
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Figures 3.6-a, b and 3.7-a, b show an exemplary reasoning process. Figures
3.6-a, b depict fuzzy reasoning in the case of the singleton fuzzification,
whereas Figures 3.7-a, b concern the non-singleton fuzzification using
a Gaussian membership function.

H1

Y
/\E’
y
“__5/\
Y
H B
y
Fig. 3.7-a. INustration of fuzzy inference based on the binary (Kleene-Dienes)
inference-general case
;b\ # h ;UA
__j_\L /\B/::f{ebmu , ‘ B .':oum!ed
b2 y y

Fig. 3.7-b. lllustration of fuzzy inference based on the binary (Kleene-Dienes) inference
for a general case — aggregation
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Another well known fuzzy implication is the Lukasiewicz implication, given
by

oy (5 y)=minfl 1=z, (x)+ 12, ()} (3.32)

The reasoning process by this implication is depicted in Fig. 3.8-a, b for the
singleton set A”, and in Fig. 3.9-a, b for the Gaussian set 4.

B_f
JJ
B2
y
lI BS
A A? ,: B’
X B y j.?

'
B L. algebraic
min

'
Bbowrdmf

= 4

y W
Fig. 3.8b. llustration of fuzzy inference based on the Lukasiewicz inference
for a crisp input-aggregation
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7

r
B bounded

algebraic

2y
=
b

Fig. 3.9b. Illustration of fuzzy inference based on the Lukasiewicz inference
for a general case — aggregation

In a similar way we may illustrate the fuzzy inference based on other
fuzzy implications given in Table 2.1.
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3.5. GENERALIZED NEURO-FUZZY SYSTEM

In this section we generalize the Mamdani-type and the logical-type
approach to a neuro-fuzzy system design.

a) Mamdani-type neuro-fuzzy systems

In this approach, function I(-) given by (3.14) is at-norm
(e.g., minimum, algebraic or Dombi), i.e.

1t @)1y (7 )= T ®) 2, 57 )} (3.33)

The aggregated output fuzzy set B Y is given by

el5)= Sl V=l D, G 03

Consequently, formula (3 23) takes the form

>y kSl{ {T {u,,k }W }}

r=|

(3.35)

Obviously, the t-norms used to connect the antecedents in the rules and in the
“engineering implication” do not have to be the same. Besides, they can be
chosen as differentiable functions as e.g. Dombi families (see Section 4.4).

b)  Logical-type neuro-fuzzy systems

In this approach, function I(:) given by (3.14) is a fuzzy implication
(see Table. 2.1), i.e.

1t ®), 1y (57 )= Ly (1 ®) 12, 7)) (3.36)

The aggregated output fuzzy set B°c Y is given by

o 57)= Lty O V= Tl o @t 7)) 039

and formula (3.23) becomes

55 1 )b 7))}

S (e 67

r=|

(3.38)
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Now, we generalize both approaches described in points a) and b) and
propose a general architecture of NFIS. It is easily seen that systems (3.35)
and (3.38) can be presented in the form

i()

= /)= (:39)

where

st &)

k=1

for the Mamdani approach
agr, (%, 7 )= (3.40)

i, &),

| for the logical approach

T, @), 5 )}

for the Mamdani approach
1,&7)=1 (341)

Ly (0 ®) 1 7))

for the logical approach

Moreover, the firing strength of rules has already been defined by

%)=, (%)}

The general architecture of system (3.39) is depicted in Fig. 3.10.

Remark 3.2: 1t should be emphasized that formula (3.39) and the scheme
depicted in Fig. 3.10 are applicable to all the systems, flexible and
nonflexible, studied in this book with different definitions of agr, (%, 3") and

1 kr( N7 ) The nonflexible systems are described by (3.39), (3.40), (3.41)
and (3.11), whereas the flexible systems by (3.39) and agr,(x,y ),
Ik'r()—(,)'/’), 7,(X) defined in Chapters 5 and 6. How we define the
aggregation operator agr, (i,y’) and the implication operator [, (i,y"),

depends on the particular class of the system.
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i

=i

Fig. 3.10. General architecture of NFIS studied in the book (flexible and nonflexible)

Remark 3.3: If an S-implication is used, i.e.

1, &5 )= s{vle, @), 7)) (3.42)

then the aggregated output fuzzy set B°c Y is given by

w5 )= L, &5 N T, Qe G Gy

Consequently, formula (3.38) becomes

5= :N NZ{ { ('T'{#“ }) b7 )}} (3.44)
RERETE)

Remark 3.4: We will explain how to modify formula (3.39) to solve
multi-classification problems. Let [xl, X ] be the vector of features of an

object v. Let Q—{a),,...,a)M} be aset of classes. The knowledge is
represented by a set of N rules in the form

(IF x, is 4' AND

x, is A5 AND

x, is A
(k). " " (3.45)
RN THEN  vew(s),
ve w, (zf) , ,
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where z;f, j=lL..M, k=1,...,N , are interpreted as “support” for class @,

given by rule R™ . We will now redefine description (3.45). Let us introduce
vector z=[z,,...,zM], where z;, j = 1,...,M , is the “support” for class @,

given by all M rules. We can scale the support values to the interval [0,1],
so that z, is the membership degree of an object v to class @; according to

all M rules. The rules are represented by

IF x, is A' AND
x, is 4 AND
20). x, s 4, (3.46)

THEN z is Bf AND
z, Iis Bf AND

: k
zy 18 By,

and formula (3.39) adopted for classification takes the form
N
ZE; agr,(i, :Zj’)
— r=l
=
Y agr, (%)
r=l

where z; are centers of fuzzy sets B}, j=1,....M,r=1,..,N.

J

(3.47)

Remark 3.5: The general description (3.39) is not applicable to the
Takagi-Sugeno model [95] given by the following fuzzy rules
IF x is 4 AND

x, is A4y AND

x, is A

THEN y* =/¥(x,x,,...,x,)

vy Ay

RW. (3.48)

In this model, the consequences, contrary to model (3.9), are not fuzzy sets;
they are linear or non-linear functions of inputs. The aggregation in the

Takagi-Sugeno model is described by formula
N

S /R 1, )
7= f(8)=12 (3.49)

ﬁ (%)

k=1
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3.6. DATA SETS USED IN THE BOOK

The data sets used to evaluate the performance of the neuro-fuzzy
systems developed in this book are listed in Table 3.2. It shows the name of
the data, the problem to be solved (classification or approximation), the
number of inputs, the length of the training sequence and the length of the
testing sequence.

Table 3.2 Benchmark data specification

2 g
H £ 3 8
Data g E. g E
& = 3
= =
Box and Jenkins Gas Furnace approximation 6 296 -
Chemical Plant approximation L] 70 -
Glass Identification classification 9 150 64
lonosphere classification 33 246 105
Iris classification 4 105 45
Modeling of Static Nonlinear Function (HANG) approximation 2 50 -
Monk | classification 6 124 432
Monk 2 classification 6 169 432
Monk 3 classification 6 124 432
Nonlinear Dynamic Plant approximation 2 200 200
Pima Indians Diabetes classification 8 576 192
Rice Taste approximation 5 75 30
Wine Recognition classification 13 125 53
Wisconsin Breast Cancer classification 9 478 205

We will now describe in detail the problems which appear in the first column
of Table 3.2.

Box and Jenkins Gas Furnace problem [5]

The Box and Jenkins Gas Furnace data consists of 296 measurements
of the gas furnace system: the input measurement u(k) is the gas flow rate

into the furnace and the output measurement y(k) is the CO, concentration

in the outlet gas. The sampling interval is 9 s. We wish to determine a fuzzy
model of the gas furnace system. In our simulations we assume that

@) = fy(t=1),y(1=2),y(1=3),y(1-4),u(1-1),u(1-2)).
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Chemical Plant problem [92]

We deal with a model of an operator’s control of a chemical plant. The
plant produces polymers by polymerisating some monomers. Since the
start-up of the plant is very complicated, men have to perform the manual
operations at the plant. Three continuous inputs are chosen for controlling the
system: monomer concentration, change of monomer concentration and
monomer flow rate. The output is the set point for the monomer flow rate.

Glass Identification problem [98]

The Glass Identification problem contains 214 instances and each
instance is described by nine attributes (RI: refractive index, Na: sodium,
Mg: magnesium, Al: aluminium, Si: silicon, K: potassium, Ca: calcium, Ba:
barium, Fe: iron). All attributes are continuous. There are two classes: the
window glass and the non-window glass. In our experiments, all sets are
divided into a learning sequence (150 sets) and a testing sequence (64 sets).
The study of the classification of the types of glass was motivated by
criminological investigation. At the scene of the crime, the glass left can be
used as evidence ifit is correctly identified.

Ionosphere problem [98]

This radar data was collected by a system in Goose Bay, Labrador.
This system consists of a phased array of 16 high-frequency antennas with
total transmitted power in the order of 6.4 kW. The targets were free
electrons in the ionosphere. The database is composed of 33 continuous
attributes plus the class variable, using 351 examples. In our experiments, all
sets are divided into a learning sequence (246 sets) and a testing sequence
(105 sets).

Iris problem [98]

The Iris data is a common benchmark in classification and pattern
classification studies. It contains 50 measurements of four features (sepal
length in cm, sepal width in cm, petal length in cm, petal width in cm) from
each of the following three species: iris setosa, iris versicolor, and iris
virginica. In our experiments, all sets are divided into a learning sequence
(105 sets) and a testing sequence (45 sets).

Modeling of Static Nonlinear Function (HANG) problem [92]
The problem is to approximate a nonlinear function given by

y(xl,)c2)=(1+)c1_2 +x2""5)2 (3.50)
We obtained 50 input-output data by sampling the input range x,,x, € [1,5].
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The Three Monks’ problems [98]

The three monks’ problems are artificial, small problems designed to
test machine learning algorithms. Each of the three monks’ problems requires
determining whether an object described by six features (head shape, body
shape, is smiling, holding, jacket colour, has tie) is a monk or not.

There are 432 combinations of the six symbolic attributes. In the first
problem (Monk1), 124 cases were randomly selected for the training set, in
the second problem (Monk2) 169 cases, and in the third problem (Monk3)
122 cases, of which 5% were misclassifications introducing some noise in
the data.

Nonlinear Dynamic Plant problem [103]
We consider the second-order nonlinear plant described by
)= g(ylk = 1), ylk = 2)) + ulk) (3.51)
with
k—-1ylk -2)ylk-1)-0.5
gOlk-1) ylk~2))=> (1+ y)i’((k_l))(f(yZ(k)_ ) ) e
The goal is to approximate the nonlinear component g(y(k — 1),y(k — 2)) of

the plant with a fuzzy model. In [103], 400 simulated data were generated
from the plant model (3.52). Starting from the equilibrium state (0,0), 200
samples of the identification data were obtained with a random input signal
u(k) uniformly distributed in [-1.5,1.5] , followed by 200 samples of

evaluation data obtained using a sinusoidal input signal u(k)=sin(27k/25) .

Pima Indians Diabetes problem [98]

The Pima Indians Diabetes data contains two classes, eight attributes
(number of times pregnant, plasma glucose concentration in an oral glucose
tolerance test, diastolic blood pressure (mm Hg), triceps skin fold thickness
(mm), 2-hour serum insulin (mu U/ml), body mass index (weight in
kg/(height in m)®), diabetes pedigree function, age (years)). We consider 768
instances, 500 (65.1%) healthy and 268 (34.9%) diabetes cases. All patients
were females at least 21 years old of Pima Indian heritage, living near
Phoenix, Arizona. It should be noted that about 33% of this population
suffers from diabetes. In our experiments, all sets are divided into a learning
sequence (576 sets) and a testing sequence (192 sets).

Rice Taste problem [30, 66]

The Rice Taste data contains 105 instances and each instance is
described by five attributes (inputs): flavour, appearance, taste, stickiness,
toughness, and overall evaluation. The output is the overall evaluation of the
rice taste. The problem is to find a non-linear mapping between inputs and
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the output. In simulations the inputs-output pairs of the rice taste data were
normalized in the interval [0,1]

Wine Recognition problem [98]

The Wine data contains a chemical analysis of 178 wines grown in the
same region of Italy but derived from three different vineyards. The 13
continuous attributes available for classification are: alcohol, malic acid, ash,
alkalinity of ash, magnesium, total phenols, flavanoids, nonflavanoid
phenols, proanthocyanins, colour intensity, hue, OD280/0OD315 of diluted
wines and proline. In our experiments all sets are divided into a learning
sequence (125 sets) and a testing sequence (53 sets). The problem is to
classify wine samples based on the learning sequence.

Wisconsin Breast Cancer problem [98]

The Wisconsin Breast Cancer data contains 699 instances (of which 16
instances have a single missing attribute) and each instance is described by
nine attributes (clump thickness, uniformity of cell size, uniformity of cell
shape, marginal adhesion, single epithelial cell size, bare nuclei, bland
chromatin, normal nucleoli, mitoses). We removed those 16 instances and
used the remaining 683 instances. Out of 683 data samples, 444 cases
represent benign breast cancer and 239 cases describe malignant breast
cancer. The problem is to classify whether a new case is a benign (class 1) or
malignant (class 2) type of cancer. In our experiments, all sets are divided
into a learning sequence (478 sets) and a testing sequence (205 sets).

Remark 3.6: Because of the space limitation in this book, the results in
Chapters 5-8 will be illustrated on four benchmarks given in Table 3.2:

n Box and Jenkins Gas Furnace,

u Glass Identification,

. Modeling of Static Nonlinear Function (HANG),
- Wisconsin Breast Cancer.

However, in Chapter 9 all the benchmarks will be used for the comparison of
flexible neuro-fuzzy systems.

3.7. SUMMARY AND DISCUSSION

Several authors (e.g., Jager [32], Mendel [58]) reported problems with
the application of logical implications to NFIS. A major problem is caused
by the indeterminant part of the membership function. We illustrated such
a situation in Section 3.4 (see e.g. Fig. 3.7-a, b). The indicated problem can
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be easily resolved by the application of a modified center of gravity
defuzzifier

[ (e () - @)y

= (3.53)
[l (y)- )ty
where "
Y, ={ye Yju, (y)za} (3.54)

value ae[O,l] describes the indeterminacy that accompanies the

corresponding part of the information. It is easily seen that in order to
eliminate the indeterminant part of the membership function u,(y), the

informative part has to be parallely shifted downward by value a.
Neuro-fuzzy inference systems of a logical-type with defuzzifier (3.53) have
been studied by Czogata and Leski [15].

3.8. PROBLEMS

Problem 3.1. Consider fuzzy sets A’, A and B depicted in Fig. 3.11.

A A B

- -
L >

X y
Fig. 3.11. Tllustration to Problem 3.1

Find fuzzy set B’ as aresult of fuzzy reasoning according to the Mamdani
and Larsen rules.

Problem 3.2. Repeat Problem 3.1 using the binary and Eukasiewicz fuzzy
implications.

Problem 3.3. Consider afuzzy system with a single input and two rules
depicted in Fig. 3.12. Perform a fuzzy inference based on the Mamdani rule.
Choose an appropriate triangular norm for the aggregation.
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A 4 B!
A A
x y
A A B*?
A A
x y

Fig. 3.12. Tllustration to Problem 3.3

Problem 3.4. Repeat Problem 3.3 using the binary fuzzy implication.

Problem 3.5. Consider a Takagi-Sugeno fuzzy system with the following 3
rules:

IF xis A' THEN y =30+x
IF x is A* THEN y = 2x
IF x is A* THEN y =70-3x
The fuzzy sets A',A* and A’ are depicted in Fig. 3.13 Find the mapping
y = f(x) and determine ¥ for ¥ =10.

Al 4 A4

>

10 20 30  x

Fig. 3.13. Tllustration to Problem 3.5



Chapter 4
FLEXIBILITY IN FUZZY SYSTEMS

4.1. INTRODUCTION

In the previous works on neuro-fuzzy systems it was assumed that
fuzzy inference (Mamdani or logical) was fixed in advance and during the
design process only the parameters of the membership functions were
optimized to meet the design requirements. On the other hand it is well
known that introducing additional parameters to be tuned in the system
usually improves its performance. The system is able to better represent the
patterns encoded in the data. In this chapter we present various concepts
leading to the designing of flexible neuro-fuzzy systems, characterized by
many parameters determined in the process of learning. Based on our
propositions various flexible structures will be developed in Chapters 5-8.

4.2. WEIGHTED TRIANGULAR NORMS

Any construction of fuzzy systems relies on triangular norms. They are
used to connect the antecedents in the individual rules, aggregate the rules
and express the relation between the antecedents and the consequent. In this
section we incorporate the weights into the construction of triangular norms.
The idea of weighted triangular norms will be explained on the
two-dimensional case and next extended to the multidimensional case. The
weighted t-norm in the two-dimensional case is defined as follows

T*{avaszlrwz}: T{i-w(-a)1-w,(1-aq, )} 4.1
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Parameters @, and a, can be interpreted as antecedents of the rule. The
weights w, and w, are corresponding certainties (credibilities) of both
antecedents in (4.1).

Observe that:
(i) If w=w,=1 then the weighted t-norm is reduced to the standard

t-norm. In the context of linguistic values we assign the truth to both

antecedents g, and @, ofthe rule.
(i) Ifw, =0 then
T*{a,a,,0,w, }=T{L1-w,(1-a,)} (4.2)
=1-wy(l-a,)

Therefore, antecedent g, is discarded since its certainty is equal to 0.
Similarly if w, =0 then antecedent g, vanishes, i.e.
T*{a,a,w,0}=T{l-w(1-a)1}
=l-w (1 -4 )

(i) If 0<w <1 and O<w, <1l then we assume a partial certainty of

(4.3)

antecedents g, and a, .

The t-conorm corresponding to the t-norm (4.1) is defined as follows
S*{a,a,w,w, }= S{wa,w,a,} (4.4)

In the same spirit we propose the weighted triangular norms
S*{avaszfgrrwggr}z S{Wlagranwggraz} (4.5)

and
agr

T*{avaszl 'W;gr}z T{l -w* (1 -4 ),1 - wy® (1 -4, )} (4.6)

to aggregate individual rules (for N = 2) in Mamdani-type and logical-type

systems, respectively. The weights w, and w, in (4.1), as well as w®" and

agr

w," in (4.5) or (4.6), can be found in the process of learning subject to

constraints w,, w,, w* , wy’ € [0,1].

In the next chapters we will apply the weighted t-norm

T4 ayiwi e wid= Tli-wil1-a,)} @)
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to connect the antecedents in each rule, k = 1,..., N, and the weighted t-norm
and t-conorm:

T*{al, AW, wi,g’}: ?‘{l—w;‘g'(l—ak)} (4.8)

§ e sayw® ¥ = 8 fuisa,} 49)

to aggregate the individual rules in the logical and Mamdani models,
respectively. It is easily seen that formula (4.7) can be applied to the
evaluation of an importance of input linguistic values, and the weighted
t-norm (4.8) or t-conorm (4.9) to a selection of important rules. The results
will be depicted in the form of diagrams. In Fig. 4.1 we show an example of
a diagram for afuzzy system having four rules (N=4) and two inputs
(n = 2) described by:
R":[IF x, is 4! (w},) AND x, is 4} (w},) THEN y is B'|w®
R*:JIF x, is A% (w,) AND x, is AZ(w},) THEN yis B |w®
[IF x, i8 4, (w,’;3)AND X, is 4; (w“)THEN yis B’ }w“g'

R*:[IF x,is 4 (wf,) AND x, is 43(w ) THEN y is B* Jwi®

Fig. 4.1. Exemplary weights representation in a fuzzy system with
four rules and two inputs (dark areas correspond to low values of weights and vice versa)

Observe that the third rule is “weaker” than the others and the linguistic
value A, corresponds to a low value of wj,. The designing of neuro-fuzzy

systems should be a compromise between the accuracy of the model and its
transparency. The measure of accuracy is usually the RMSE-criterion
(approximation problems) and the percentage of correct or wrong decisions
(classification problems). The measure of transparency is the number and
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form of fuzzy rules obtained. It was mentioned by several authors (see
e.g. [2, 28]) that the lack of transparency is a major drawback of many
neuro-fuzzy systems. Most designers focus their effort on approximation
accuracy, while the issue of transparency has received less attention. In this
context our method of weighted triangular norms seems to be a promising
tool for extracting both transparent and accurate rule-based knowledge from
empirical data. More specifically, diagrams (weights representation like that
shown in Fig. 4.1) can be used for analysis and pruning of the fuzzy-rule
bases in all the simulation examples. Note that our application of weights in
NFIS is different from those studied in [19, 31, 63, 97, 111].

Example 4.1. (An example of Zadeh triangular norms with weighted
arguments)

The Zadeh triangular norms with weighted arguments are based on classical
Zadeh triangular norms given by (2.43) and (2.44). The Zadeh t-norm with
weighted arguments is described as follows

T*{a,,a, w,w,}=min{l —w,(1-a,)1-w,(1-a,)} (4.10)
The 3D plots of function (4.10) are depicted in Fig. 4.2.

Fig. 4.2. 3D plots of function (4.10)
for w, =050 and a)w, =0.00, b)w, = 0.25, ) w, =050, D) w, =075, ) w, =100

The Zadeh t-conorm with weighted arguments is given by
S*{a,,a,w, w, } = max{w,a, w,a, } (4.11)

The 3D plots of function (4.11) are presented in Fig. 4.3.
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Fig. 4.3. 3D plots of function (4.11) for w, =050
and a)w, =0.00, b)w, =0.25.)w, =050, Dw, =075, &) w, =1.00

Example 4.2. (An example of algebraic triangular norms with weighted
arguments)

The algebraic triangular norms with weighted arguments are based on
classical algebraic triangular norms given by (2.47) and (2.48). The algebraic
t-norm with weighted arguments is described as follows

T {a,,a,;w,w,}=(1=w(-a)l-w,(1-q,)) (4.12)
The 3D plots of function (4.12) are depicted in Fig. 4.4.

Fig. 4.4. 3D plots of function (4.12)
for w, =0.50 and a)w, =0.00, b)w, =025, )w, =050, D w, =0.75, €) w, =1.00

The algebraic t-conorm with weighted arguments is given by
S™{a,, a,w,, Wy} = wa, + w,a, - wa,w,a, (4.13)

The 3D plots of function (4.13) are presented in Fig. 4.5.
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Fig. 4.5. 3D plots of function (4.13)
for w, =050 and a)w, =0.00, b)w, =025, ¢)w, =050, ) w, =075, &) w, = 100

Example 4.3. (An example of bounded triangular norms with weighted
arguments)

The bounded triangular norms with weighted arguments are based on

classical bounded triangular norms given by (2.51) and (2.52). The bounded

t-norm with weighted arguments is described as follows
T*{a,a,w,w,}=max{l-w,(1-a ) +1-w,(1-a,)-1,0}  (4.14)

The 3D plots of function (4.14) are depicted in Fig. 4.6.

Fig, 4.6. 3D plots of function (4.14)
for w, =0.50 and a)w, =0.00, b)w, =0.25, ) w, =050, ) w, =075, €) w, = 1.00

The bounded t-conorm with weighted arguments is given by
S*{a,,a,;w, w,}=min{wa, + w,a,,1} (4.15)

The 3D plots of function (4.15) are presented in Fig. 4.7.
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Fig. 4.7. 3D plots of function (4.15)
for w, =050 and a)w, = 0.00, b)w, =0.25, ¢)w, =050, d)w, =075, &) w, = 1.00

Example 4.4. (An example of drastic triangular norms with weighted
arguments)

The drastic triangular norms with weighted arguments are based on classical
drastic triangular norms given by (2.55) and (2.56). The drastic t-norm with
weighted arguments is described as follows
1-w(l-aq) if 1-w,(1-a,)
T{a,,a,w,w,}=1-w,(1-a,) if 1-w(l-gq)=

0 otherwise

1
1 (4.16)

The 3D plots of function (4.16) are depicted in Fig. 4.8.

Fig. 4.8. 3D plots of function (4.16)
for w, =0.50 and a) w, = 0.00, b)w, =0.25, ¢} w, =050, ) w, =0.75, ) w, =1.00
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The drastic t-conorm with weighted arguments is given by
wa, if wa, =0
S*a,,ay;w,wyt=wya, if wa =0 (4.17)
1 if otherwise

The 3D plots of function (4.17) are presented in Fig. 4.9.

Fig. 4.9. 3D plots of function (4.17)
for w, =0.50 and a)w, = 0.00, b)w, =0.25, ) w, =050, D) w, =075, €)w, = 1.00

4.3. SOFT FUZZY NORMS

In this sections we recall a concept of soft fuzzy norms proposed by
Yager and Filev [108]. Let a,,...,a, be numbers in the unit interval that are

to be aggregated. The soft version of triangular norms suggested by Yager
and Filev is defined by

T{a;a}=( Za +aT{a (4.18)
and

Sfaya}=( Za +aS{a (4.19)

where o€ [0,1] . They allow to balance between the arithmetic average
aggregator and the triangular norm aggregator depending on parameter & .
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Example 4.5. (An example of soft Zadeh triangular norms)

The soft Zadeh triangular norms based on classical Zadeh triangular norms
given by (2.43) and (2.44) and formulas (4.18) and (4.19). The soft Zadeh
t-norm is described as follows

T{a,,a,:a)=(1- a)% (a, +a,)+amin{a,a,} (4.20)

The 3D plots of function (4.20) are depicted in Fig. 4.10.

Fig. 4.10. 3D plots of function (4.20)
fora)a=000,b)a=025,¢c)a=050,d)a=0.75,¢e)a =100

The soft Zadeh t-conorm is given by
§{al Jay0h=(1- a)% (a, +a,)+a max{a,,a, } (4.21)

The 3D plots of function (4.21) are presented in Fig. 4.11.

Fig. 4.11. 3D plots of function (4.21)
for a)e = 0.00, bY@ =0.25,¢)a =050, ) a=0.75, €} =1.00
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Example 4.6. (An example of soft algebraic triangular norms)

The soft algebraic triangular norms are based on classical algebraic triangular
norms given by (2.47) and (2.48) and formulas (4.18) and (4.19). The soft
algebraic t-norm is described as follows

f{a,,az;a}= (I—Ot)%(al +a,)+aa,a, (4.22)

The 3D plots of function (4.22) are depicted in Fig. 4.12.

Fig. 4.12. 3D plots of function (4.22)
for g =0.00,b)a=0.25,¢)a=050,d)a=075,e)a =100

The soft algebraic t-conorm is given by
S{a,,a,:a}=(1- a)%(a, +a,)+a(a, +a,-a,a,) (4.23)

The 3D plots of function (4.23) are presented in Fig. 4.13.

Fig. 4.13. 3D plots of function (4.23)
fora)a =0.00,b)a=025,¢)a=050,d)a=075,¢)a =100
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Example 4.7. (An example of soft bounded triangular norms)

The soft bounded triangular norms are based on classical bounded triangular
norms given by (2.51) and (2.52) and formulas (4.18) and (4.19). The soft
bounded t-norm is described as follows

f{a, Jayap=(1- a)% (a, +a,)+amax{a, +a, 1,0} (4.24)

The 3D plots of function (4.24) are depicted in Fig. 4.14.

Fig. 4.14. 3D plots of function (4.24)
fora)a =0.00,b)a=025,c)a=050,d)a=0.75,e)a =100

The soft bounded t-conorm is given by
§{a, ,ayar=(1—- a)—;— (a, +a,)+amin{a, +a,,1} (4.25)

The 3D plots of function (4.25) are presented in Fig. 4.15.

Fig. 4.15. 3D plots of function (4.25)
fora)ar =0.00,b)a=025,¢)a=050,d)e=075,e)a =100
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Example 4.8. (An example of soft drastic triangular norms)

The soft drastic triangular norms are based on classical drastic triangular
norms are given by (2.55) and (2.56) and formulas (4.18) and (4.19). The soft
drastic t-norm is described as follows

f{al,az;a}= (1—oz)—;—(al +a,)+aly{a,a,} (4.26)

The 3D plots of function (4.26) are depicted in Fig. 4.16.

Fig. 4.16. 3D plots of function (4.26)
for a)ar = 0.00, b)) =025, ) =050, Ay =0.75, €} = .00

The soft drastic t-conorm is given by
§{a,,a2;a}= (l—oc)%(al +a,)+aSy{a,,a,} (4.27)

The 3D plots of function (4.27) are presented in Fig. 4.17.

Fig. 4.17. 3D plots of function (4.27)
fora)e =000, b)a=025,¢)@=050,d)a=075,e)a =100
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In the same spirit we define the softening of the “engineering implication” by

I(a,b;8)=(1- /3)% (a+b)+ fT{a,b} (4.28)
and softening of the S-fuzzy implication by
T(ab; ﬂ):(l—ﬂ)%(l—a+b)+ s{l-a,b) (4.29)

where fe [0,1] .

Example 4.9. (An example of soft Kleene-Dienes S-implication)

The soft Kleene-Dienes S-implication is based on the Zadeh t-conorm given
by (2.44), the Zadeh negation given by (2.65) and formula (4.29). The soft
Kleene-Dienes S-implication is described as follows

Flab:)=(1- /3)%(1 —a+b)+ fmax{l—a,b} (4.30)

The 3D plots of function (4.30) are depicted in Fig. 4.18.

b)?[n.n:a) c)?[«.mm g

Fig. 4.18. 3D plots of function (4.30)
fora) §#=0.00,b) f=025,¢) f=050.d) f=0.75,¢€) £=100

Example 4.10. (An example of soft Reichenbach S-implication)

The soft Reichenbach S-implication is based on the algebraic t-conorm given
by (2.48), the Zadeh negation given by (2.65) and formula (4.29). The soft
Reichenbach S-implication is described as follows

Tlab:8)=(1- ﬁ)—;—(l—a+b)+ Bli-a +ab) @31)

The 3D plots of function (4.31) are depicted in Fig. 4.19.
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a}?{:.r—. 8)

b}?l’a.n;u] C}T{w.n:ﬂ)

Fig. 4.19. 3D plots of function (4.31)
fora) #=000,b) f=025.¢) #=050,d) =075, €} f=100

Example 4.11. (An example of soft Lukasiewicz S-implication)
The soft Lukasiewicz S-implication is based on the bounded t-conorm given

by (2.52), the Zadeh negation given by (2.65) and formula (4.29). The soft
Yukasiewicz S-implication is described as follows

I(ab,8)=( —-ﬁ)%(l —a+b)+ fmin{l,1-a+b} (4.32)
The 3D plots of function (4.32) are depicted in Fig. 4.20.
a) ks

b)ff.-.n;ﬂj C)r‘(«.n:n)

Fig. 4.20. 3D plots of function (4.32)
for a) #=0.00,b) 5=025,¢) §=050,d) =075, ¢) =100

In the design of Mamdani-type systems we use the following soft
triangular norms:

(i) 7~’l{a; 0(’}: (1 -of )711- i a;+of é’l{ai } to connect the antecedents,

i=1
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(i1) 7~'2 {b, Jbysof }= (1 -a )% (b, +b,)+a'T{b,b,} to  connect the
antecedent and the consequent,
~ 1 & N
@iy S {c; a“g'}= (1 —-a* )F ch +a'™ kSl{ck} to aggregate individual
k=1 =

rules
where n is the number of inputs and N is the number of rules.

In the design of logical-type systems based on S-implications we use
the following soft triangular norms:

6)) ZN",{a; 0:’}= (1 -a )l i a+a’ .Y’I"I{a,} to connect the antecedents,
n i=

i=l
(i) .§{bl by o }= (l ~a' )% (1~b,+b,)+a's{L-b,b,} to connect the
antecedent and the consequent,
~ N N
(i) 7T, {c; a"’g'}= (1 -a™ )% ;ck + k?;{c,‘} to aggregate individual
rules.

age

Parameters ", &', and &*® can be found in the process of learning.

4.4. PARAMETERIZED TRIANGULAR NORMS

As we mentioned in Section 4.2 any construction of fuzzy systems
relies on triangular norms. Most fuzzy inference structures studied in
literature employ the triangular norms described in Section 2.3. There is only
a little knowledge within the engineering community about the so-called
parameterized families of t-norm and t-conorms. They include the Dombi,
Hamacher, Yager, Frank, Weber I, Weber II, Dubois and Prade, Schweizer I,
Schweizer 1II, Schweizer III, Mizumoto IV-X families [45, 56]. These
parameterized triangular norms are listed in Table 4.1. We use notation
f{a,,az,...,an;p} and §{al,a2,...,an;p} for parameterized triangular norms.

The hyperplanes corresponding to them can be adjusted in the process of
learning of parameter p .
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Table 4.1 Parameterised triangular norms

t-norm

Mome s-norm £
3 1
TMa,,a,p}= :
[ | » | AT
1+ ( _.] [_.J
e L
Dombi p>0
1
S‘{al,al;p}— 1
- PY
,{[.i..-,) +[_1___1} ]
a4 a;
= a,a
Tla,,a,:p}= 192
ta G; ﬁ—‘} p+(1—p)a, + a,-a,a,)
Hamacher pz0
§{a| a;fﬂ}= a +a,-aa,-(1-plaa,
1-(1-plaa,
]F{a‘,a};p}=1 —min{l,” (1—a,)" +(1 —az)’}
Yager ) p=0
S{al,az;p}=minﬁ,«"}al" +a}”}
f{ansazfﬁ"}=]03,’[1+ ([) B e ]
p-1 p=>0,
Frank Xp ) .1
s o | =y P
Sfa, a,p}= 1—108,,[ )
- +a, -1+
T{ﬂl,az-'.ﬂ‘}=max{ 4 a3| =i £ a,}
Weber I p=>-1
§{al,a2,‘p}=min{1 M}
I+p
T{a,,a,;p}=max{0,(1 + p)a, + (1+ p)a, - pa,a, - (1+ p)}
Weber I1 3 ) p>-1
Sa,.ap}= min{l,a, +a, + pa,a,}
Ta,ayp}=—7%—
Dubois max{al @3, P}
0<p<l
and Prade 4 ){, a,)
Sfa,ap}=1- - ;
max{ I= (I —az) p}
. Ta,,ayp}= ’\’ﬂmadﬂ,al" +a," -1 I‘
Schweizer I ~ p=>0
Sla,,a,p}=1- vmax{o, (1-a) +(-a,)" - I}
Ta,,a,p}=
Schweizer p>0

11 - 1
S{alsaz;.p}z I=




Flexibility in Fuzzy Systems 67
t-norm
Name ki p
Schweizer Haaypt=1-§-a) +(-a) -(-a ) (-a) p>0
11 -
S{a,,a,;p}: " alar +a2F _alpazn
L 1 -i| 38 —tepsn
P 1 1 1
max[l‘!+ a +-1+pa —H.—.p]
7 4
T{ah“z-'ﬁ)}: : :
1 : ~1| if  0<p
E min[l,---l--%----1 . ]
Mizumoto I+pa, l+pa, l+p o
v p
-1 : -1| if -1<p<0
- max["u l=a) 1+ (ll )"|+]]
. pli- Ai-a e
S{ahaz-'P}: : :
]"'l 1 -1| if D<p
P " l 1 1
min| 1, ——— + S
[ 1+p(l—at) 1+p{|-az) 1+p]
Mizumoto T{a,a,p}=1- log”(min{p, P+ ptTh - 1})
v < : ) . P >1
S{al,ax.'p}———logp(mm{p,p '+ pt - l})
};{m ,az:p} =1- lln(min{e”,e"{l'"'] +efli-n) _ }})
Mizumoto P _—
Vi S“{a,,aa,'p}=lln(n1in{e",e'”' +e = I})
p
Misissis f{a,.az,'p}:{jl —In (min{e,f:""'r el —1}) .
il } " g p>
Sla,,ayp}=1- {Il - lnl(min{e,e"{“"'] e lm) ID
- 1
Ma,ap}= 1 T
log,| p" +p" —p
Mizumoto
il 3 | p>1
S{a, a,p}=1- T
103,, pl—u, +p|—.., _p]
= l
T{al ,az.'p} - 5
—In| e™ +e" —e”]
; p
Mizumoto
IX p>0

§{a,,a1;p}= I=
! In| e
P
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Name P

Maya,p}=

Mizumoto
X ~ 1
S{al'aﬂ’} =]-

p>0

P

As an example we present the Dombi family of parameterized triangular
norms. The t-norm and t-conorm are given as follows:
(i)  the Dombi t-norm

drastic t-norm if  p=0
L\
- n 1___ ) P p
T{a; p}= 1+[2( a“') ] if pe(0,%) (4.33)
i=l i
Zadeh t-norm if  p=eo

where T stands for a t-norm of the Dombi family parameterized
byp.
(i)  the Dombi t-conorm

drastic t-conorm if p=0
-1
v
Sfa; pl=1q1-| 1+ Z(l " J if pe(0,o) (4.34)
i=l —-aq;
Zadeh t-conorm if p=eo

where S stands for a t-conorm of the Dombi family parameterized
byp.
Obviously formula (4.33) defines the “engineering implication” for n = 2.

Combining the S-implication and (4.34) we get the fuzzy S-implication
generated by the Dombi family

Flabip)=1- 1+[(1‘_“jp +(Lj] (439)
a 1-b
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In the design of Mamdani-type systems we use the following
parameterised triangular norms:

@) Tl{a,,az,...,a,,; p’} to connect the antecedents,
(i1) T; {b,,bz; p' } to connect the antecedent and the consequent,

Gii) S {c,,cz,. s Cys p"g'} to aggregate individual rules

where n is the number of inputs and N is the number of rules.

In the design of logical-type systems based on S-implications we use
the following parameterised triangular norms:

(1) f‘, {a,,az, O p'} to connect the antecedents,
i) S {1 ~b,,b,; p’ } to connect the antecedent and the consequent,

(iii) fz {cl,cz,...,cN;p“g'} to aggregate individual rules.

r

Parameters p*, p’, and p®® can be found in the process of learning. The

NFIS realized by parameterized families of t-norms and t-conorms are
studied in Chapters 5 and 6.

4.5. OR-TYPE SYSTEMS

In this section we introduce the concept of an OR-type system which
smoothly switches between the Mamdani-type and the logical-type systems.
Details and mathematical background will be provided in Chapter 5. The
OR-type NFIS have been proposed by Rutkowski and Cpatka [81].
Depending on a certain parameter v this class of systems exhibits “more
Mamdani” (0 <v <0.5) or “more logical” (0.5 <v <1) behaviour. At the
boundaries the system becomes of the Mamdani-type (v =0) or of the
logical-type (v =1). The definition of OR-type systems heavily relies on the
concept of the H-function (see Section 5.3). The H-function exhibits the
behaviour of fuzzy norms. More precisely, it is a t-norm for v=0 and
a t-conorm for v =1. For 0 <v <0.5 the H-function resembles a t-norm and
for 0.5<v <1 the H-function resembles at-conorm. In a similar spirit we
construct OR-type implications. The parameter V can be found in the
process of learning subject to the constraint 0 £v <1. In Chapter 5 based on
the input-output data we learn a system type starting from v =0.5 as an
initial value. The behaviour of the OR-type systems, depending on parameter
v, is shown in Table 4.2.
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Table 4.2 OR-type system

v System
0 Mamdani type
1 logical type
0.5 undefined
(0,0.5) “more Mamdani”
(0.5,1) “more logical”

The OR-type NFIS are studied in detail in Chapter 5.

4.6. COMPROMISE SYSTEMS

The Mamdani and the logical systems lead to different results and, in
literature, there are no formal proofs as to which of them is superior.
Therefore, Yager and Filev [108] proposed to combine both methods. The
AND-type compromise neuro-fuzzy systems are characterized by the
simultaneous appearance of Mamdani-type and logical-type systems. In this
book we study the following combination of “engineering” and fuzzy
implications

I{a,b)=(1-2)I

eng

(a,b)+ Al ,,,(a,b) (4.36)

For an S-implication as the fuzzy-implication and at-norm as the
“engineering implication”, formula (4.36) takes the form

Ha,b)=(1-A){a,b}+ AS{1-a,b} (4.37)

In Chapter 6 we develop compromise NFIS based on formula (4.37). It
should be emphasized that parameter A can be found in the process of
learning subject to the constraint 0 <A <1. In Chapter 6, based on the
input-output data, we learn a system type starting from A =0.5 as the initial
value. The behaviour of the AND-type compromise systems, depending on
parameter A, is depicted in Table 4.3.
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Table 4.3 AND-type system

'S System
A=0 Mamdani type
A=l logical type
Ae 0] compromise (Mamdani AND logical)

Example 4.12. (An example of AND-type compromise implication generated
by the Zadeh t-norm)

We consider the AND-type compromise implication based on the Zadeh
t-norm (2.43) and the Kleene-Dienes S-implication (3.31). It is given by

I(a,b)=(1- A)min{a,b}+ Amax{l - a,b} (4.38)
The 3D plots of function (4.38) are depicted in Fig. 4.21.

Fig. 4.21. 3D plots of function (4.38)
fora)4=000,b)1=025,c)A1=050,d)1=0.75,€) 1 =1.00

Example 4.13. (An example of AND-type compromise implication generated
by the algebraic t-norm)

We consider the AND-type compromise implication based on the algebraic

t-norm (2.47) and the Reichenbach S-implication given in Table 2.1. It is
defined by

I{a,b)=(1-A)ab+ Al —a+ab) (4.39)
The 3D plots of function (4.39) are depicted in Fig. 4.22.
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Fig. 4.22, 3D plots of function (4.39)
fora)4=000,b)4=025,c)4=050,d)1=0.75,e)1=1.00

Example 4.14. (An example of AND-type compromise implication generated
by the bounded t-norm)

We consider the AND-type compromise implication based on the bounded
t-norm (2.51) and the Lukasiewicz S-implication (3.32). It is given by

I(a,b)=(1- A)max{a +5~1,0}+ Amin{l,l —a + b} (4.40)
The 3D plots of function (4.40) are depicted in Fig. 4.23.

b)f[ﬂ.f'}

Fig. 4.23. 3D plots of function (4.40)
fora)A=0.00,b)4=0.25,¢)1=050,d)1=0.75,¢)1 =100
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Example 4.15. (An example of AND-type compromise implication generated
by the drastic t-norm)

We consider the AND-type compromise implication based on the drastic
t-norm (2.55) and the Dubois-Prade S-implication given in Table 2.1. It is
defined as follows

Ia,b)=(~A),,(a,b)+ Al ,, (a,b) (4.41)
where
a if b=1
1,.(a,b)=3b if a=1 (4.42)
0 otherwise
and
l-a if =0
I (ab)=3 b if a=1 (4.43)

1 otherwise

The 3D plots of function (4.41) are depicted in Fig. 4.24.

Fig. 4.24. 3D plots of function (4.41)
fora)A=0.00,b)A=025,c)2=050,d)21=0.75,e) 1 =1.00

4.7. SUMMARY AND DISCUSSION

In this chapter we explained how to incorporate flexibility into the
designing of neuro-fuzzy systems. The flexibility is represented by various
parameters allowing to better represent the patterns encoded in the data.

We note that other concepts can be applied to design flexible
neuro-fuzzy structures. Among them it is worth to mention various
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aggregation operators, e.g. the geometric mean or the harmonic mean, the

so-called exponential compensatory operator [45] or the weighted minimum
and maximum operators [19].

4.8. PROBLEMS

Problem 4.1. Combine soft triangular norms with the weighted t-norm, and
define the weighted soft triangular norms.

Problem 4.2. Combine soft triangular t-conorms with the weighted t-conorm,
and define the weighted soft triangular t-conorms.

Problem 4.3. Define the Dombi t-norm with weighted arguments.
Problem 4.4. Define the soft Dombi t-norm and t-conorm.
Problem 4.5. Define the S-implication generated by the Yager t-conorm.

Problem 4.6. Define the soft S-implication generated by the Dombi
t-conorm.

Problem 4.7. Prove that

T{a,,az,...,a"}S f{al,az,...,an;a}s avg(al,az,...,an)

Problem 4.8. Prove that
avgla,a,,..,a,)< Sa,a,,....a,;01< Sa,a,,...a,}

Problem 4.9. Prove that
TD{al,az,...,an}S f{al,az,...,an;p}s T, {al,az,...,a"}

Problem 4.10. Prove that
S, {a,a,....a,}<S{a,a,,...,a,; p}< Sy{apay....a,}

Problem 4.11. Prove that
TD{a,,a2}S [eng{al’aZ;p}STM{al’aZ}

Problem 4.12. Prove that
Sy {N(al ),az}S ifuzzy{al'CIZ;p}S SD{N(aI )»az}



Chapter 5
FLEXIBLE OR-TYPE NEURO-FUZZY SYSTEMS

5.1. INTRODUCTION

Triangular norms (t-norms and t-conorms) have been used to model
the intersection and union of fuzzy sets, the logical conjunction and
disjunction and the fuzzy preference. For excellent surveys and overviews of
various aggregation operators the reader is referred to [4, 9, 14, 45]. Apart
from various traditional triangular norms several modifications and
extensions have been proposed [10, 22, 36], e.g. the ordinal sum, the
uniform, the nullnorms and the t-operator. These definitions are potentially
useful to construct various new neuro-fuzzy systems, however in this chapter
we introduce another class of functions called quasi-triangular norms. They
are denoted by H and parameterized by parameter v: H (a,,az,...,a”;v).

From the construction of function H it follows that it becomes a t-norm for
v =0 and a dual t-conorm (S-norm) for v=1. For 0 <v < 0.5 function H
resembles a t-norm and for 0.5<v <1 it resembles at-conorm. In this
chapter we also propose adjustable quasi-implications. Most neuro-fuzzy
systems proposed in the past decade employ “engineering implications” (this
terminology is suggested in [57] and [58]) defined by at-norm
(e.g. minimum or product). In our proposition a quasi-implication I(a,b;v)
varies between an “engineering implication” T{a,b} and an S-implication as
v goes from 0 to 1. Moreover, it satisfies

1, (a,b)=T{a,b} for v=0

](a’b;y) = {I eng

5.1
fuzzy(a’b):'S{l_a,b} for v=1 ( )
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assuming that 7 and S are dual. It should be emphasized that parameter
Ve [0,1] can be learned from the data. Consequently, we do not know the

type of the system in advance. In this chapter we propose a new class of

neuro-fuzzy systems. The fuzzy inference (Mamdani-type or logical-type) of

such systems is determined in the process of learning. More precisely after

learning one of the following two possible structures is established

depending on parameter v

a) The neuro-fuzzy system with an “engineering implication” operator
(t-norm) to describe the relation between the antecedents and the
consequent, and with a t-conorm for the aggregation of rules.

b)  The neuro-fuzzy system with an S-implication operator to describe the
relation between the antecedents and the consequent, and with
a t-norm for the aggregation of rules.

As we have already mentioned in the Introduction, such a concept has not yet
been proposed in literature by other authors. This chapter is organized as
follows. The problem description is given in Section 5.2. In Section 5.3 we
introduce the concept of adjustable quasi-triangular norms. In Section 5.4 we
present adjustable quasi-implications. In Sections 5.5-5.7 a new class of
neuro-fuzzy systems is proposed. In Section 5.8 learning procedures are
derived to learn parameter v (type of the system), parameters of membership
functions, flexibility parameters and weights described in Chapter 4. In
Section 5.9 simulation examples are given. We will use the following
notations (see the block diagrams in Chapter 5 and 6)

Gla,,a,;0) = (1-@)a, + o,

G(b,,b,;0)=(1- )b, + b, (5.2)

where o e [0,1].

5.2. PROBLEM DESCRIPTION

Let X(t)e XcR", y(t)eRcY and d{t)eRcY, r=1,2,..,be
a sequence of inputs, outputs and desirable outputs, respectively. In this
chapter we address the following design and learning problems
a) Out first problem is to design a neuro-fuzzy system realizing the
mapping f:X—Y such that afuzzy inference, described by

a quasi-implication  I(a,b;v), varies between an “engineering
implication” T{a,b} and an S-implication depending on parameter v .
The construction of quasi-implication 7 (a,b;v) is described in

Section 5.4. Moreover, we will incorporate: (i) softness to implication
operators, to the aggregation of rules and to the connectives of
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antecedents; (ii) certainty weights to the aggregation of rules and to the
connectives of antecedents; and (iii) parameterized families of t-norms
and t-conorms to implication operators, to the aggregation of rules and
to the connectives of antecedents. All the neuro-fuzzy systems
described in this chapter are in the form (3.39), i.e.

N

o555
1

N
Yaer(x5)
r=|

b) Based on the learning sequence (%(1),(1)),(%(2),4(2)),... we wish to

determine all parameters (including the system type represented by
value of v ) and weights of NFIS such that

elt)= 2 [/ &()-a (] (53

is minimized. The steepest descent optimization algorithm with
constraints can be applied to solve this problem.

y=r{&)==

5.3. ADJUSTABLE QUASI-TRIANGULAR NORMS

We start with a definition which is a generalization of a strong
negation (see Definition 2.15).

Definition 5.1. (Compromise operator)
Function

N, :[0,1]-[0,1] (5.4)
given by .
N, (a) = (l - v)N(a)+ vN(N(a))
=(1 —v)N(a)+va

is called a compromise operator where v € [0,1] and N (a) = ﬁo (a) =l-a.

(5.5)

Observe that

N(a) for v=0
¥ (a)= % for v= % (5.6)
a for v=

Obviously function ]\NJV is a strong negation for v=0 . The 3D plot of
function (5.5) is depicted in Fig. 5.1.
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Fig. 5.1. 3D plot of function (5.5)

Definition 5.2. (H-function)
Function

H:[0,1] - [0,] (5.7)
given by

i=] i=l

HGiv)= 5, 315, 6= 7 £ ) 539)

is called an H-function where v e [0,1] .

Theorem 5.1: 1Let T and S be dual triangular norms. Function H defined
by (5.8) varies between a t-norm and a t-conorm as v goes from 0 to 1.

Proof: From this assumption it follows that

Tfa}=N(S{N(a,) N(a;),..., N(a,)} (5.9)
For v =0 formula (5.9) can be rewritten with the notation of the compromise
operator (5.5)

T{a}=ﬁo(S{ﬁo(al)’ﬁo(az)r"’ﬁo(an)}) (5.10)
Apparently
S{a}=NI(S{Nl(al)’N](GZ)""’Nl(an)}) (5.11)
for v =1. The right-hand sides of (5.10) and (5.11) can be written as follows
H(av)= ﬁv(é{ﬁv(a,,)}j (5.12)

for v=0 and v =1, respectively. If parameter v changes from 0 to 1, then
the result is established.

Remark 5.1: Observe that
r{a} for v=0
Ha;v)= L for v=% (5.13)
sfa} for v=1
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It is easily seen, that for 0 <v <0.5 the H-function resembles a t-norm and
for 0.5 <v <1 the H-function resembles a t-conorm.

Example 5.1. (An example of the H-function generated by the Zadeh
triangular norms)

We will show how to switch smoothly from at-norm to at-conorm by
making use of Definition 5.2. Let n =2 and the standard min-norm and
max-conorm be chosen:

Hla,,a,;0)=T{a,,a,}=min{a,,a,} (5.14)
H(a,,a2;1)=S{a,,a2}=max{al,a2} (5.15)

The H-function generated by formulas (5.14) or (5.15) takes the form
H(aliaZ ; V) =N, (min{Nl—v (al )’Nl-v (az )})
= N, (max{¥, ()7, (a,)}

and varies from (5.14) to (5.15) as v goes from zero to one. In Fig. 5.2, we
illustrate function (5.16) for v =0.00, v=015, v=0.50, v =085, v =1.00.

(5.16)

Fig. 5.2. 3D plots of function (5.16)
fora)v =0.00,b)v=015,¢c)v =050, d)v =085, ¢)v =100

Example 5.2. (An example of the H-function generated by the algebraic
triangular norms)
We will apply Theorem 5.1 to illustrate (for n = 2) how to switch between
the algebraic t-norm
T{al,az}=H(a,,c12;0)=a,a2 (5.17)
and the algebraic t-conorm
S{a,a,}=H(a,a,;1)= a, +a,-a,a, (5.18)
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The H-function generated by formulas (5.17) or (5.18) takes the form
H(alraz 5 V) =N, (Nl-v (ax )Nl—v (a, ))
= Nv(l—( —NV(aI)XI_NV(aI)))

and varies from (5.17) to (5.18) as v goes from zero to one. In Fig. 5.3, we
illustrate function (5.19) for v =0.00, v =015, v=0.50, v=0385, v=100.

(5.19)

Fig. 5.3. 3D plots of function (5.19)
fora)v =0.00, b)y =015, c)v =050, d)v =085, e)v =1.00

Example 5.3. (An example of the H-function generated by the bounded
triangular norms)
For the bounded t-norm

T{a,,a,}=H(a,,a,;0)= max{a, +a, —1,0} (5.20)
and the corresponding t-conorm
S{a,,a,}= H(a,,a,;1)= min{q, +a,,1} (5.21)

the H-function generated by formula (5.20) or (5.21) takes the form
H(a, ay;v)= N, (max{N,_, (a,)+ N, (a,)-1,0}
= ]VV (min{ﬁv (a,)+ [\va (a, ),1})
and varies from (5.20) to (5.21) and v goes from 0 to 1. In Fig. 5.4 we depict

function (5.22) for a)v=0.00, b)v=015, c)v=050, d)v=08S5,
e)v =100.

(5.22)
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Fig. 5.4. 3D plots of function (5.22)
fora)v =0.00,b)v=015,¢c)v=050,d)v =085, ¢)v =100

Example 5.4. (An example of the H-function generated by the drastic
triangular norms)

The drastic H-function based on drastic triangular norms given by (2.55) and
(2.56) and formula (5.8). The drastic H-function is described as follows

N ]Yl-v(al) if ]zl-v(az)=1
H(al’az;v)le-v Nl—v(az) if Nl—v(al)=1

0 otherwise

(5.23)

1 otherwise

The 3D plots of function (5.23) are depicted in Fig. 5.5.

Fig. 5.5. 3D plots of function (5.23)
for a)v =000, b)v =015, ¢)v =050, d)v =085, €)v =1.00
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5.4. ADJUSTABLE QUASI-IMPLICATIONS

The next theorem shows how to switch between an “engineering

implication” (defined by a t-norm) and an S-implication.

Theorem 5.2: Let T and S be dual triangular norms. Then

Ia,byv)=H(N,, (a)b;v)
switches between an “engineering implication”
1, (a,b)=1(a,b,0)=T{a,b}

and an S-implication

ey (@)= I{a,b51) = S{1 — a, b}

Proof: Theorem 5.2 is a straightforward consequence of Theorem 5.1.

(5.24)

(5.25)

(5.26)

Example 5.5. (An example of the H-implication generated by the Zadeh

triangular norms)

We will define the H-implication generated by the Zadeh triangular norms

and based on formula (5.24). Let
L, (a,b)=H(a,b0)

= T{a,b}
=min{a, b}
and
14y (a,b) = H(N, (a), 51)
= S{N(a),b}
= max{N(a),b}
Then

Ia,bv)= H(N, , (@) 5;v)

goes from (5.27) to (5.28) as v varies from 0 to 1.

The 3D plots of function (5.29) are depicted in Fig. 5.6.

(5.27)

(5.28)

(5.29)
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Fig. 5.6. 3D plots of function (5.29)
for a)v =000, b)v =015, c)v =050, d)v =085, e}y =1.00

Example 5.6. (An example of the H-implication generated by the algebraic
triangular norms)

We will define the H-implication generated by the algebraic triangular norms
and based on formula (5.24). Let

I, (a,b)=H(a,b0)

eng

=7{a, b} (5.30)
=ab
and
Iﬁmy (a,b) = H(]T/(J (a),b;l)
= §{N(a),b} (5.31)
=l-a+ab
Then
Ia,b;v)=H(N,_,(a).b;v) (5.32)

goes from (5.30) to (5.31) as v varies from O to 1.
The 3D plots of function (5.32) are depicted in Fig. 5.7.

Example 5.7. (An example of the H-implication generated by the bounded
triangular norms)

We will define the H-implication generated by the bounded triangular norms
and based on formula (5.24). Let

1o (a,b)= H(a,b;0)
= 1{a,b} (5.33)
=max{a +b-1,0}
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and
]./uzzy(a»b) = H(]\Nfo (a),b;l)
= S{N(a),b} (5.34)
= min{l ~a +5,1}
Then
1a,b;v)=H(W,.,(a)bsv) (5.35)

goes from (5.33) to (5.34) as v varies from O to 1.

The 3D plots of function (5.35) are depicted in Fig. 5.8.

Fig. 5.7. 3D plots of function (5.32)
fora)v =0.00,b)r¥=015,¢c)y =050, d)v =085, e)v =100

Fig. 5.8. 3D plots of function (5.35)
fora)y =0.00,b)v =015,¢)v =050,d)v=085,¢)v =100
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Example 5.8. (An example of the H-implication generated by the drastic
triangular norms)

We will define the H-implication generated by the drastic triangular norms
and based on formula (5.24). Let

1, (a,b)=H(a,b0)

eng

= T{a.b) (5.36)
a if b=l
=ib if a=I
0 otherwise
and
1 (a,b)= H(N,(a),551)
= 5{N(a),b} (5:37)
l-a if b=0
={ b if a=l
1 otherwise
Then
I{a,b;v)=H(N,_, (a)b;v) (5.38)

goes from (5.36) to (5.37) as v varies from O to 1.

The 3D plots of function (5.38) are depicted in Fig. 5.9.

Fig. 5.9. 3D plots of function (5.38)
fora)y =0.00,b)ry=015,c)v=050,d)r=085,¢e)v =100
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5.5. BASIC FLEXIBLE SYSTEMS

In this section we will apply the concept of an H-function for
constructing the basic flexible neuro-fuzzy inference systems. By making use
of that concept we will establish a new fuzzy inference allowing to switch
smoothly between the Mamdani-type and the logical-type inference and
vice-versa. Therefore, our basic flexible neuro-fuzzy system generalizes
commonly used fuzzy inference systems of the Mamdani and the
logical-type. Moreover, our approach allows to exclude insufficient
performance of the NFIS resulted from incorrectly assumed fuzzy reasoning.
The flexible OR-type systems exhibit “more Mamdani” or “more logical”
behaviour depending on parameter v appearing in the construction of
function H. The system becomes of Mamdani-type for v=0 and of
logical-type for v =1. The fuzzy inference (fuzzy quasi-implication) is
realized based on function H with parameter v, whereas the aggregation is
based on function H with parameter 1—-v. The aggregation of the
antecedents is based on a t-norm which is equivalent to an H-function with
parameter v =0. Finally, the basic neuro-fuzzy system of an OR-type is
given as follows:

ORI
7,(%)= H['u”f Bty (5,) ;] (5:39)

0
&)= H[Nl-v (e @) 2 (77) ;J (5.40
vV
agr, (i,?")=H(1 o) e &) ;] (541)
-V

Observe that system (5.39)-(5.41) is of the Mamdani-type for v =0 , like the
Mamdani-type for ve (0,0.5), undetermined for v =05, like the
logical-type for ve (0.5,1) and the logical-type for v=1. It is worth

noticing that parameter v can be learned and consequently the type of the
system can be determined in the process of learning. In Table 5.1 we depict
quasi-implication and aggregation operators used in system (5.39)-(5.41).
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Table 5.1 Implication and aggregation operators as v varies from 0 to 1

Parameter y  Implicaion =~ Aggregation
v=0 T{a,b} S-norm
v=l S{l-a,b} T-norm

0<v<l H(N,,(a)bv) H(a,b;1-v)
v=05 H(0.5,6;0.5)=0.5 H(a,b,0.5)=05

In Fig. 510, 5.11 and 5.12 we depict block diagrams realizing the
aggregation of antecedents 7, (i) given by (5.39), the quasi-implication

Ik',(i, y’) given by (5.40) and the aggregation agr,(i, ')7’) given by (5.41),
respectively.

Fig. 5.10. Connection of antecedents in basic OR-type NFIS (OR I)

The firing strength of rules 7, (i) ,k=1,...,N, following Fig. 5.10, is
determined by an aggregation, based on an H-function parameterized by
v =0, of antecedent membership function values A (%,) calculated for all
inputs X, , i=1,...,n. It is assumed that the membership functions are
characterized by P*  parameters p:,i,k , u=L..,P*", i=1..n,
k=1,.,N.

The quasi-implication Ik,r (i, y') ,y k=1,...,N, r=1,...,N, following
Fig. 5.11, is determined by an aggregation based on an H-function
parameterized by v e [0,1]. The first argument of the aggregation operation is
the firing strength of rules 7, (i) , k=1,..,N. The second argument of the
aggregation operation is the value of consequence membership functions
Hy\¥")» k=1..N, r=1,.. N, determined in point " , r=1,...,N, at
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which consequent membership functions My, k=1,...,N,attain their

maximum equal to 1. It is assumed that each output membership function
M. is characterized by P? parameters pl  u=1,...,P% [ k=1,...,N.

Fig. 5.11. Implication operator in basic OR-type NFIS (OR )

The quasi-triangular aggregation agr,_(i,j"), r=1,...,N, following
Fig. 5.12, is determined by an aggregation, based on an H-function
parameterized by 1-v, ve [0,1], of quasi-implications [ kr(i, }7"),
k=1,...,N,r=1,...,N, determined in point y" , r=1,...,N, at which
consequent membership functions My s k=1,... N, attain their maximum

equal to 1.

1, ®%y) [y b:g_(u’yr) agr,(x,5)

1,57 ) s

Fig. 5.12. Aggregation of rules in basic OR-type NFIS (OR I)
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T
1.657)

Fig. 5.13. 3D plots of basic OR-type NFIS (OR I)
for n=2, N=2 and a)v=0.00, b)v=015,c)v=0.50, d)v =085, e)v =100

89
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In Fig. 5.13 we depict the shape of the hyperplanes described by formulas
(5.39)-(5.41) for n =2, N =2 and the varying parameter v of function H
generated by the algebraic triangular norms.

5.6. SOFT FLEXIBLE SYSTEMS

In this chapter we propose soft NFIS based on soft fuzzy norms (4.18)
and (4.19). These systems are characterized by:
(i)  soft strength of firing controlled by parameter &*,
(ii)  soft implication controlled by parameter o,

agr

(iii)  soft aggregation of rules controlled by parameter o

Moreover, we assume that fuzzy norms (and H-functions) in the connection
of antecedents, implication and aggregation of rules are parameterised by

parameters p®, p’, p®, respectively. We use notation H() to indicate
parameterised families analogously to (4.33) and (4.34).

The soft compromise NFIS of the OR-type are defined as follows:

ORI
(l -a )an(/lAl, ()_‘-1 )’ o Mg (fn ))+
7, (%)= +a’ﬁ[ﬂ"'* (%, )""’:UA: (x,) §J (5.42)
p',0
(1 -a' )‘Wg(ﬁl-v (Tk (i))a Hp ()_’r ))+
L, (“,y’)= + alﬁ[ﬁl—v (Tk (i)), M (V) ;J (5.43)

)
agr, (%,57)= [ ,,(i 7)ot ) ;] (49
p

Observe that system (5.42)-(5.44) is:

(i)  soft Mamdani-type NFIS for v =0,

(i)  soft logical-type NFIS for v =1,

(iii)  soft like Mamdani-type NFIS for 0 <v < 0.5,



Flexible OR-type Neuro-Fuzzy Systems 91

(iv)  soft like logical-type NFIS for 0.5 <v< 1,
(v) undetermined for v=0.5.

It is easily seen that the above system reduces to a basic flexible system
described in Section 5.5 if & =@’ =@* =1 and parameterized triangular
norms are replaced by standard triangular norms.

In Fig. 5.14, 5.15 and 5.16 we depict block diagrams realizing the
aggregation of antecedents 7, (')Z) given by (5.42), the quasi-implication

1, (i,y") given by (5.43) and the aggregation agr, (i,)—/’) given by (5.44),

respectively.

The firing strength of rules 7, (X) , k=1,...,N, following Fig. 5.14 is
determined by a soft composition, controlled by parameter «’, of two
components a,f(ii) and b, (i) . Component a,f(i) is the arithmetic average
of the antecedents’ membership function values u P (%), k=1,...N,

i =1,..,n, determined for all inputs X, , i=1,...,n. Component 5/ (X) is
determined analogously as in the basic flexible NFIS described in
Section 5.5. The dominance of one component over another depends on the
value of parameter " .

Fig. 5.14. Connection of antecedents in soft OR-type NFIS (OR II)

The quasi-implication Ik,,, (i, )7') ,k=1,..,N, r=1,...,N, following
Fig. 5.15, is determined by a soft composition, controlled by parameter &',
of two components a,f’, (i,)")’) and b,f,, (i,i’) . Component a,i‘, (i,y’) is the

arithmetic average of the compromise operator (5.5), operated on the firing
rule strength 7,(X) , k = 1,..., N, and the value of consequence membership
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functions 4, (?') » k=1,...,N, r=1,...,N, determined in point y" ,
r=1,.,N, at which functions , attain their maximum equal to 1.
Component b,",, (i, y") is determined analogously as in the basic flexible

systems described in Section 5.5. The dominance of one component over
another depends on the value of parameter ¢ .

Fig. 5.16. Aggregation of rules in soft OR-type NFIS (OR II)
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Fig. 5.17. 3D plots of soft OR-type NFIS (OR II)
forn=2, N=2,a"=a' =" =1.0, p’=p' = p™ =10
and a)v =0.00, b)v=015,¢c)v=0.50, d)v=085, ¢)v =100

93
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Fig. 5.18. 3D plots of soft OR-type NFIS (OR II)
for n=2, N=2’ a”:a’ =™ =05, p':p’ =pagr =10
and a)v =0.00, b)v=0.15,¢)v =050, d)v =085, e)v =100
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Fig. 5.19. 3D plots of soft OR-type NFIS (OR 1)
forn=2,N=2, p"=p'=p™ =10, v=0
anda)a’ =o' =a™ =0.00,b)a" =a' =™ =0.25,0)a" =a' =a™ =0.50,
Do =a' =a =075,e)a" =’ =a™ =1.00

95
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n4

i ('IIVI)UJ\

Fig. 5.20. 3D plots of soft OR-type NFIS (OR II)
forn=2, N=2, p’:pl =p"¥ =10, v=1
and )" =’ =™ =0.00,b)a" =’ =a™ =0.25,c)a" =a' =a™ =0.50,
Do’ =a' =™ =0.75,8)a" =a' =a™ =1.00
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T 05

Fig. 5.21. 3D plots of soft OR-type NFIS (OR 1I)
forn=2,N=2,a"=a' =a™® =1.00, v=0
anda) p* = p' = p™ =0.10,b)p" = p' =p™ =025,¢)p" = p' = p™¥ =050,
Dp"=p' =p™ =100, p" =p' =p™ =10.00

97
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Fig. 5.22. 3D plots of soft OR-type NFIS (OR II)
for n=2,N=2,a" =a’ =™ =1.00, v=1
anda) p® = p' = p™ =0.10,b)p" =p' =p™ =0.25,9)p" =p' = p*¥ =0.50,
d)p*=p’ =p*=1.00,¢)p"=p' =p™ =10.00
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The aggregation operator agr,|X (" y") , r=1,...,N, following Fig. 5.16 is
determined by a soft composition of two components a"g’(x y’) and
b,’“'( ,_’). Component afg'(x,i') is the average of quasi-implications
I,,,,(i,i’) , k=1,...,.N, r=1,...,N, determined in points y" , r = 1,...,N,
at which consequent membership functions 4, , k=1,..,N, attain their
maximum equal to 1. Component bag'( X,y ) is determined analogously as in

Section 5.5. The dominance of one component over another depends on the
value of parameter o' .

In Fig. 5.17-5.22 we depict the shape of the hyperplanes described by
formulas (5.42)-(5.44) for n =2 and N = 2. In all the cases the function H
is generated by the Dombi triangular norms.

5.7. WEIGHTED FLEXIBLE SYSTEMS

Our concept of weighted triangular norms, presented in Section 4.2,
allows to assign different degrees of credibility (importance) to fuzzy rules.
Moreover, we incorporate weights to describe the significance of particular
antecedents in all rules. More precisely, we insert:

(i)  weights to the aggregation operator of the rules w® e [0,1] ,
k=1,...,N,
(i)  weights to the antecedents w;, ei[O,l] ,i=1,...,n, k=1,....N

in system ORII.
Consequently, we get the weighted soft NFIS of the OR-type:

OR III
(1- 0 vl g (B) .ot (5,)+
6@ gl ,ﬂ,ﬂ(m;] (5.49)
Wi Wi D70

(- JavelW,., (7, ®)) 1, (7))
L&) ,_«,(ﬁl-v(rk@»,ua. (yr);} (546)
p'v
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(- Yavelr,, (&5 ). Iy, &, 57 )+
agr,(i,f"): +aagrﬁ*([hr(—x"j}r)’""IN.r(Y’yr) a] (547)

agr agr agr
W LWy, =Y

In the ORIII system we use parameterised families H () and parameterised

families with weights H '() analogously to formula (4.1). More specifically,
in (5.45) and (5.47) we use the following definition

H[ iy J= e lamy).arg,(@,w,) 5] e
Wy, W, D,V p,v
where

arg, (a,.,w,.,v) =(1- v)(l -w, (1- a )+ vwa, (5.49)
It is easily seen that the above system reduces to a soft compromise system
described in Section 5.6 if w, =1, i=1,..n, k= 1,...,N and w¥ =1,
k=1,...,N.

In Fig. 523 and 5.24 we depict block diagrams realizing the
quasi-implication Ik,,,(i,y") given by (5.46) and aggregation agr,,(i,?’)

given by (5.47), respectively. The block diagram realizing the aggregation of
antecedents 7,(X) is shown in Fig. 5.14.

The firing strength of rules 7, (i) , k=1,....N, following Fig. 5.23, is
determined by a soft composition, controlled by parameter &, of two
components a,f(i) and b; (i) . Component a;(i) is the arithmetic average

of antecedent membership function values u , (%), k=1,..,N,i=1,..n,

determined for all inputs X,i, =1,...,n. Component 57 (X) is determined by
the weighted aggregation (see Section 4.2) with weights w;,, based on an
H-function parameterized by v =0, of antecedent membership function
values /‘A,*(fi) s k=1,...,N, i=1,...,n, calculated for all inputs X, ,
i=1,...,n.The dominance of one component over another depends on the
value of parameter ¢’ . The weights w], can be interpreted as credibilities of

antecedents and can be applied to evaluate the importance of input linguistic
labels.
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S —

T agr, (x,y

Fig. 5.24. Aggregation of rules in weighted soft OR-type NFIS (OR III)

The aggregation operator agr, (i,yf) , r=1,...,N, following Fig. 5.24, is

determined by a soft composition of two components afg’(i, i") and

bfg'(i,y’). Component afg'(i,y’) is the average of quasi-implications

Ik‘r(i,y’) ,k=1,..,N, r=1,...,N, determined in points " , r = 1,...,N,

at which consequent membership functions f,,, k=1,...,N, attain their

maximum equal to 1. Component b* (i,y") is determined analogously as in
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Section 5.5, however certainty weights w;* , k=1,..., N, are additionally
incorporated into the NFIS structure. The dominance of one component over
another depends on the value of parameter «™®'. Weights w;® can be
interpreted as credibilities of rules.

In Fig. 5.25-5.28 we depict the shape of the hyperplanes described by
formulas (5.45)-(5.47) for n =2 and N = 2 . In all the cases the function H
is generated by the Dombi triangular norms.

5.8. LEARNING ALGORITHMS

It is well known that the basic concept of the backpropagation
algorithm, commonly used to train neural networks, can also be applied to
any feedforward network. Let X(t)e R” and d(t)e R be asequence of

inputs and desirable output signals, respectively. Based on the learning
sequence (X(1),d(1)),(%(2),d(2)),... we wish to determine all parameters

(including the system’s type V) and weights of NFIS such that
elt)= L (x(0)-d()F (5.50)

is minimized, were f(-) is given (3.48). The steepest descent optimization
algorithm can be applied to solve this problem. For instance, parameters y",
r=1,..., N, are trained by the iterative procedure

oe(t)
3 (1)
Directly calculating partial derivatives in recursion (5.51) is rather
complicated. Therefore, we recall that our NFIS has a layered architecture
(see Fig. 5.29) and apply the idea of the backpropagation method to train the
system. The exact recursions derived in this section reflect that idea,
however, they are not a copy of the standard backpropagation used to train

multi-layer neural networks. We will apply the gradient optimization with
constraints in order to optimize:

. veloi],

 gelol], o’ elol], e®elol],

"= prelo=), p'eloe), p¥el0,),
" welol],i=l..,n, k=1..,N,

" werelol], k=1,...,N.

(5.51)

y+1)=y()-n
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Fig. 5.25. 3D plots of weighted soft OR-type NFIS (OR III)
forn=2, N=2,a"=a' =a™ =1, p"=p' =p* =10,
W:'k = W:‘y = 0.25 ’ W;.k = w;l’ =0.75 »

and a)y =0.00, b)v = 0.5, ¢€)v =050, d)v =085, e)v =100
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0.6
1.6

Fig. 5.26. 3D plots of weighted soft OR-type NFIS (OR TII)
for n=2, N=2,a" =a' =a™ =05, p*=p' = p™ =10,
wi =W =025 5wy, =w¥ =075,

and a)v=0.00,b)v=015,¢c)v=0.50,d)v=085,¢€)v =100
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Fig. 5.27. 3D plots of weighted soft OR-type NFIS (OR III)
for n=2, N=2,a" =a'=a™ =1, p’=p' =p* =10,v=0
wi, =w¥ =0.50, and ) w}, =wi¥ =0.00 ,b)w;, =wi¥ =025,

Ow, =w¥ =050, Dw], =w¥ =075, €)w;, =w¥ =1.00
2. 2. 2 2.4 2
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Fig. 5.28. 3D plots of weighted soft OR-type NFIS (OR III)
forn=2, N=2,a"=a'=a™ =1, p"=p' = p"¥ =10, v=1

wy, =w¥ =050, and a) ] =wi¥ =0.00 ,b)w], =w¥ =025,

Ow,, =wi¥ =050, Dw}, =w =0.75,¢)w], =w* =1.00
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The constraint functions, see formulas (33) and (35) in the Appendix, will be
used to perform the optimization of the above parameters and weights.
Moreover, we will find in the process of learning parameters of the
membership functions My (x,) and My (v),i=1,...n, k=1,.,N:

" plil',k ’u=1"")PA’i=1’-"5n9 k=13"'9N9
*  plu=2,.,P° k=1..,N,
" ph=vk=L..,N.

Remark 5.2: We will explain the notation used in this book (Chapter 5 and 6)
on a simple example of a single neuron given by:

y=f(s), s=Zn:xiwi

where f is asigmoidal function, x, and w,, i=1,...,n,are inputs and
weights, respectively. Let d be the desired output signal. Then we write

el =e=y-d
and

£ =£’{s}=€f-ala—(5—)=(}’*d)f'(s)

ie. £’{s} is the error transferred from the output block f to the summation
block s. We will use the analogous notation depicted in Fig. 5.29.

a)  General learning procedures

Parameter v and other parameters of the NFIS are updated by the recursive
procedures:

vit +1)=v(t)-nav(t) (5.52)

o (t+1)=a"(t)-naa’ (t) (5.53)
o' t+1)=a' (£)-naa’ (¢) (5.54)
a*® (t+1)=a(t)-nra™® (t) (5.55)
p(t+1)=p*(6)-nap" () (5.56)
p'(t+1)=p'(t)-nop' (1) (5.57)

p*(e+1)=p™(e)-ndp* (1) (5.58)
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I I 11 v

|

J—( ¥
i
&= - g, = - ¥ = - " =
Ye @ el @y} by} e=y-a
Fig. 5.29. The scheme of NFIS
wr (£ +1)=w, () -naw, (1) (5.59)
W (¢ +1) = w™ (1) - nAw™ (¢) (5.60)
it +1)=pl, (0)=nApf,, (¢) (5.61)
post+1)=p., () -Ap), (1) s u=2,....P* (5.62)
yle+)=pile+1)=5()-nay"(¢) (5.63)
where corresponding corrections A are given by:
N N N
Av=3%e v+ e {} (5.64)
k=1 r=l r=l
N
Aa’ = Ze,f{a’} (5.65)

s =35l ') (5.66)

N
Aa™ = Z 8:'81‘ {aagf} (567)
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Ap® = ie:{pf} (5.68)
k=l
N N
A" =YY el {p'} (5.69)
k=l r=l
Apagr — ig:gr {Pagr} (5.70)
r=l
Aw?, = ef{wi, | (5.71)
Aw'® =g e} (5.72)
8p/ = €l{plis (5.73)
st =Yl {2} u=2,..,P? (5.74)
r=l

AV =Ap! =™ "}+ﬁ:g,f‘,{y’}+ ie,’_k {p,”,} (5.75)
k=l

k=1t

The errors propagated through the net are indicated at the bottom of Fig. 5.29
and satisfy the following relations:

e =Y el {r, (%) (576)
r={

el, =1, &7 )} (5.77)

e = e fagr, (%, 77 )} (5.78)

e =eg=y-d (5.79)

b) Block of rules’ activation

The errors propagated through the block of rules’ activation (see Fig. 5.30)
are given by:

elatt=e a;kofj—‘) (5.80)
EZ{PT}'—'EZ afk(’_‘) ab;(i) (5.81)
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- £ {ar} a” - = L e
v=0
<«&lp}l
«ghi} v, T -
- 3I{W:J} Wi
""_‘E:{Plfl.k} p:l.l
- SI{AD;JJJ} E:.flu :
- gkr Iﬁfm} p]’:u,&
< &{{pfen) Phess ]
X, h
Lo 1 .07, (%) 055 (X) (5.82
ikl 50 o )
o7, (X) 97 (%) .
tl 4 T ab/“r (i) ap:»”‘ a'uAf (f') (5 83)
ek {pu,i,k}= £ a _ o f a y .
+ Tk(x) aak(x) pu,ik
aa,f(i) ap:,i,k
where
aTk(i)z d G a:(i),b;(i) ; (5.84)
oaj(x) daf(X) o
I, (x) __ 2 G al (%), b7 (%) ; (535
ob; (X) obf(x) o
9r,(%)_ 9 . a; (%),6 (%) ; (5.56)
da* 3o’ o
da; (x) 0 _ _
- —avgle,, (%), 1, (%) (5.87)
aﬂAlk (x, ) aﬂAi, ( ‘) (/JAI ! Al )
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abZ—(,i)= 2 ff‘{ﬂ"‘ (B)-ot A‘(f”)’] (5.88)
ap ap W:'k, nk)p1,0
ab;(i) a ﬁ IuAll(xl),‘“HuA: (‘i"-n) ; (5.89)
ow;, aw,k Wi Wag, P°50
b;x) __ 9 il #e ® ) ry (@) 5 (5.90)
Iy (%) ey ®) " | wryo Wl p™0

The exact form of (5.84)-(5.90) and other derivatives depends on the used
H-function and input-output membership functions. We explain details and
give some examples in the Appendix.

c) Block of implications

The errors propagated through the block of implications (see Fig. 5.31) are
determined as follows:

abl{,r 4 ’) aV

e, %V )
o el |+ ( JoN,., (7, (x) | (5.91)

oN,, (7, (%) oV (v)
al-v) v
sbh%=d,§%§?3 (5.92)
( Y) ( ) 593
Ekr{p } kr ab,fr('i % ) ap, (5.93)

L, (%.5) by, %.7") |
&, {pl.}=¢l b1, 5) o) 7)) (508
i ’ ’ aIkr( )aakr( y’) ap"'k

RS
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i1, &)
«é,
(5.95)
(5.96)
o Ey) 0 e ®IVLET)) (e
dal,%,5") 94 (%,7) o
alk‘,(i,)_/")_ d al,(i y )’bkl,r(i’j}r) 598
R BT ok R o
a,&7) 9 c a, (&5 )bl (%5); (5.99)
805' aa" a"
o
L 85) 0 el @y ) G100
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dal &7) 2 S (e
o, 7)) Ouy (i")avg(N"V(Tk e ) o0
ab/:,r(i»:v_r)=i]_’i ~]-v(rk(i))’:u3* (yr)’ (5]02)
v av pv
b, &7)_ 8 AN @@)hu,b); (5.103)
apl apl p’,V

b, &y) 2 ﬁ(ﬁ'-v(’k(‘))’”ﬂ*(f")j (5.104)

. &7) o N, E®hu);
, = H v B 5.105
aﬂBk ()7) B/JB. ()_)r) ( ( !

d) Block of aggregation

- {aw ]. a™ oy T
< {v} v

<& {p7} P

<) W

<erlirl Wy

<1, &)} 1,&5)

<o, &y )}, &5)

Fig. 5.32. Block of aggregation

The errors propagated through the block of aggregation (see Fig. 5.32) are
given by:

dagr (%, 7 ) ob™® (%, 7 ) oN(v)
¥ (x,57) o-v) v

e {v}=e" (5.106)
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el o 8
agr) agr |l __ nraagrr(i’.-y_r)ab/?"gr(i’y'l)
g,‘g {p B! }—‘ €rg ab:‘g' (i,yr) apagr
azr | aar wr 080X, 77 ) OB (X, P
b SEEL LR
dagr, (i,f’)abfg’ (’X,i" ) N
Pk {I (i y )}— agr ab:gr (i’yr) aI/(,r (i’ yr)
r By oagr, (i, )7’) oa’® (Y, f’)
da®(%,y') o1, % 5")
where

dagr(8.5)_ 3 Jar&y)er&y);
¥ (w5) o (x.y) o

aaagr

agr
ag

Dl (&57)

agr agr agr
we L, wy  pl-v

agr

agr
..... wy , p L~y

,.)G[asw@,;f o .7 ]

]

7)o dy, &) ;J

|

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)
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Y
ol, (i yj aIk.r(i_ J-v

agr agr agr

wrEy)_ el .(i,i’),---JN.r(i?); (5.118)
,y) W Wy, D

e) Block of defuzzification

del =1 -1 _Jerhu
:idcfk2] ;L -
- —N} }»N _-' ‘
r®f\ .............

Fig. 5.33. Block of defuzzification

The errors propagated through the block of defuzzification (see Fig. 5.33) are
given by:

ot _} wr O 9 4 f(agr,(i,y‘),...,ang(i,yN);] (5.119)

" A T
def =r \\ _ Ldef yl"”")_)N 5 120
{agr( )}—‘9 aagr,.(i,i") G120

5.9. SIMULATION RESULTS

In this section we present four simulations of the OR-type neuro-fuzzy
systems. We use benchmarks described in Section 3.6. Each of the four
simulations are designed in the same fashion:

(i)  In the first experiment, based on the input-output data, we learn the
parameters of the membership functions and a system type ve [0,1] of

the basic flexible system described in Section 5.5. It will be seen that
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the optimal values of v, determined by a gradient procedure, are either
Zero or one.

(i)  In the second experiment, we learn the parameters of the membership
functions of the basic flexible system described in Section 5.5
choosing value v as opposite to that obtained in experiment (i).
Obviously, we expect a worse performance of the neuro-fuzzy system
comparing with experiment (i).

(ili)) In the third experiment, we learn the parameters of the membership
functions, system type ve[01] and soft parameters ¢ e [0,1] ,

o' el01], a®el01] of the soft flexible system described in

Section 5.6 assuming that classical (not-parameterised) triangular
norms are applied.

(iv) In the fourth experiment, we learn the same parameters as in the third
experiment and, moreover, the weights wj, e o], =1,..n,

k=1,...,N, in the antecedents of rules and weights w;* e [O,l],
k=1,...,N, of the aggregation operator of rules. In all diagrams
(weights representation) we separate w,, € [O,l] , i=1,...,n,
k=1,...,N, from w* e [O,l] , k=1,..., N, by a vertical dashed line.

In each of the above simulations we apply the Zadeh H-implication and the
algebraic H-implication described in examples 5.5 and 5.6, respectively. In
separate experiments we repeat simulations (i)-(iv) replacing the Zadeh
H-implication and the algebraic H-implication by quasi-implications
generated by parameterised triangular norms: the Dombi H-implication and
the Yager H-implication. In these simulations we additionally incorporate

parameters p° e [0,00) , p € [0,00) , p* & [0,0) .

Box and Jenkins Gas Furnace problem

The experimental results for the Box and Jenkins Gas Furnace problem are
depicted in Tables 5.2 and 5.3 for the not-parameterised (Zadeh and
algebraic) and parameterised (Dombi and Yager) H-functions, respectively.

For experiment (iv) the final values (after learning) of weights w], e [0,1]
and w* e [0,1] , i=1,...,6, k=1,...,4, are shown in Fig. 5.34 (Zadeh and
algebraic H-functions) and Fig. 5.35 (Dombi and Yager H-functions).
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Table 5.2 Experimental results

OR-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
(BOX AND JENKINS GAS FURNACE PROBLEM)

g
s § g
8 20
53 = E
a =
B ]
. £ & 28
2| &
E =
s| Z
= -
" b § = = s =
= = =
= = = =
2| B8 | £ | 33| 83| %3 | &5
Bl z& = N <m N = =z
i v 0.5 0.0000 0.0000 0.5001 0.4973
i v 1 - - 0.6332 0.6217
v 0.5 0.0000 0.0000
o 1 09734 0.9921
04118 0.4019
= o 1 0.9958 0.9967
o't 1 0,9789 0.9899
v 0.5 0.0000 0.0000
o 1 0.9902 0.9691
N o 1 0.9565 0.9754 02412 0.2407
o 1 0.9999 0.9883
w' 1 Fig. 5.34-a[Fig. 5.34-b)
w'E 1 Fig. 5.34-a[Fig. 5.34-b)

Fig. 5.34. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for OR-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 5.3 Experimental results

OR-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS
(BOX AND JENKINS GAS FURNACE PROBLEM)
=
=
]
-1
2 & g
2E e
= 8 -
> o =
= = U
£ & ==
= == =
= 3
5 =
2| = 7
E g = g = = = =
E.cf | = g £ g -
g e E - 2 g o E = 2
2| B2 | £ | B3| 85 | 52 | &2
| z & 5 ax > I ax ==z
i v 0.5 0.0000 0.0000 0.5102 0.5079
ii v 1 - 2 0.6500 | 0.6420
1% 0.5 0.0000 0.0000
pr 10 10.2725 | 23.4276
P 10 9.9951 | 22.5107
iii p'v 10 10.4641 2.8213 0.4325 0.4232
a 1 0.9999 0.9999
o 1 0.9999 0.9999
o' 1 0.9999 0.9999
v 0.5 0.0000 | 0.0000
pF 10 12.1621 | 22.8896
’a 10 8.7344 | 22.0345
P 10 11.8385 | 2.2820
iv o 1 0.9553 0.9715 0.2453 0.2416
ad 1 0.9768 0.9582
rad 1 0.9472 0.9663
w' 1 Fig. 5.35-afFig. 5.35-b
wh' 1 Fig. 5.35-afFig. 5.35-b
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a) w' | we b)

| wv

Fig. 5.35. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for OR-type NFIS and a) Dombi H-function, b) Yager H-function

Glass Identification problem
The experimental results for the Glass Identification problem are depicted in
Tables 5.4 and 5.5 for the not-parameterised (Zadeh and algebraic) and
parameterised (Dombi and Yager) H-functions, respectively. For experiment
(iv) the final values (after learning) of weights wf, e [01] and w* e[01],

k
i=1,.9, k =1,..,2, are shown in Fig. 5.36 (Zadeh and algebraic

H-functions) and Fig. 5.37 (Dombi and Yager H-functions).

| w

a) w' 1 w*b)

Fig. 5.36. Weights representation in the Glass Identification problem
for OR-type NFIS and a) Zadeh H-function, b) algebraic H-function



120

Table 5.4 Experimental results

Flexible Neuro-Fuzzy Systems

OR-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
(GLASS IDENTIFICATION PROBLEM)
‘g =
g g
B ey S
gz =2 s e
= o8 2
e %E iz
o ™ -
g = =
5 £8 =8 g8
= 2
E| £
LR g
= = =l - = ] - = =
= i
gl 52 s B 22 ] -E- b= R
i o E = = g £ B = g £ B = g EEB
&l EE | £ | B2 | B2 | 82 | B8 | £ | RS
2| zZ& - NE | d@ | MR | 2 | 9% | <=
i y 0.5 1.0000 | 1.0000 3.33 3.33 3.13 3.13
ii y 0 3 ’ 4.00 4.67 3.13 3.13
v 0.5 1.0000 | 1.0000
i| ¢ . ol il BT 267 113 113
o 1 0.9939 | 0.9970
o 1 0.9554 | 09912
v 0.5 1.0000 | 1.0000
o 1 0.0038 | 0.0137
v d : D983 | Q0SNF | s 2.67 1.56 1.56
ar 1 0.8674 | 0.9693
w' 1 Fig. 5.36-a[Fig. 5.36-b
w' 1 Fig. 5.36-afFig. 5.36-b
a) 1 web)
o o
i Nl
= it

Fig. 5.37, Weights representation in the Glass Identification problem
for OR-type NFIS and a) Dombi H-function, b) Yager H-function
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Table 5.5 Experimental results

OR-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS
(GL&SS IDENTIFICATION PROBLEM)
—
£ F]
A TE T2
g2 > 2 2 g
53 gr 5%
i 2k g8
Bt BE s g&
E| &
= 2 i
£l g5 | 2 T w8 4k
Bl SR el bzt sl El ) od
| EE| £ | E2 | B2 | B2 | B8 | BE | B
H| zZ2& = - S & g am P}
i v 0.5 1.0000 | 1.0000 3.33 3.33 3.13 3.13
ii v 0 . 8 4.00 4.67 3.13 3.13
y 0.5 1.0000 | 1.0000
P’ 10 9.7496 | 12.5239
P’ 10 10.0006 | 9.9965
iii o 10 9.9999 | 9.9920 2.67 2.67 1.56 1.56
o 1 0.0302 | 0.1122
o 1 09173 | 09413
o 1 0.9934 | 0.9973
v 0.5 1.0000 | 1.0000
P 10 9.1328 | 12.1261
P 10 10.0601 | 9.8597
o 10 10.3097 | 9.9544
iv o 1 0.0948 | 0.1280 2.00 2.00 1.56 1.56
d I 0.8896 | 0.9349
av 1 0.9600 | 0.9695
w' 1 [Fig. 5.37-afFig. 5.37-b
W 1 [Fig. 5.37-afFig. 5.37-b

Modeling of Static Nonlinear Function (HANG) problem

The experimental results for the Modeling of the Static Nonlinear Function
problem are shown in Tables 5.6 and 5.7 for the not-parameterised (Zadeh
and algebraic) and parameterised (Dombi and Yager) H-functions,
respectively. For experiment (iv) the final values (after learning) of weights
wie[01] and w®e[01], i=1,...,2,k=1,.,5, are depicted in Fig. 5.38
(Zadeh and algebraic H-functions) and Fig. 5.39 (Dombi and Yager
H-functions).
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Table 5.6 Experimental results

OR-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
(MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)
T
g
o & g—
2.
£E &
g8 E
- = E
o'k 5
=
& = % i
2l &
el £
& = i
tlde ! 2 g | .2 2| .3
: -1 g £ g = = §
@ E = =B o = 2 2
&| EE g T s s | TS X
ml 22 g N ® <z N <z
i v 05 | 00000 | 0.0000 | 0.1162 | 0.1059
i v 1 & i 0.1315 | 0.1205
v 05 0.0000 | 0.0000
o I 0.0259 | 0.9935
0.0992 | 0.0662
| I I 09999 | 0.9973
o 1 09361 | 09978
v 05 | 00000 | 0.0000
o 1 0.0021 | 0.9841
iv d ; 0.9466 | 0.9367 | hg16 | 0.0485
@ | 0.8806 | 0.9973
w’ 1 Fig. 5.38-a[Fig. 5.38-b
wE 1 Fig. 5.38-ajFig. 5.38-b
a) w' | w b) w' | w¥
N I
it et

Fig. 5.38. Weights representation in the HANG problem
for OR-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 5.7 Experimental results

OR-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS
(MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)

.
g
1
g2 g
s B
= £
] = 'E
- 0 o
i £ £ z &
3 w = -1 &
el =
g 2 i
gl ai| = BieE - Lis
e e e R e
L - = a8 5 5 £ 2 = ==
£ BE = ES | B | E2 | 22
4| 224 I A | »m | A | »x=
i v 0.5 0.0000 | 0.0000 | 0.1307 | 0.1021
ii v 1 - - 0.1578 | 0.1265
v 0.5 0.0000 | 0.0000
p° 10 17.6026 | 4.9607
P 10 10,0986 | 11.3656
iii P 10 103006 | 3.1707 | 0.1245 | 0.0857
o 1 0.0153 | 0.9983
a 1 0.9999 | 0.9997
av 1 0.9971 | 0.9962
v 0.5 0.0000 | 0.0000
P 10 17.4917 | 5.4504
’a 10 10.0221 | 11.7908
P 10 10.4474 | 3.8058
iv a 1 0.0576 | 0.9469 | 0.1093 | 0.0739
d 1 0.9836 | 0.9327
o 1 0.9672 | 0.9448
w' 1 [|Fig. 5.39-a|Fig. 5.39-b
wE 1 |Fig. 5.39-a|Fig. 5.39-b
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a) " I we b) w* I w¥

i=l,...2 | i=1,..2 |

Fig. 5.39. Weights representation in the HANG problem
for OR-type NFIS and a) Dombi H-function, b) Yager H-function

Wisconsin Breast Cancer problem
The experimental results for the Wisconsin Breast Cancer problem are shown
in Tables 5.8 and 5.9 for the not-parameterised (Zadeh and algebraic) and
parameterised (Dombi and Yager) H-functions, respectively. For experiment
(iv) the final values (after learning) of weights w;, € [0,1] and w* e [0,1] ,
i=1,..9, k=1,...,2, are shown in Fig. 540 (Zadeh and algebraic
H-functions) and Fig. 5.41 (Dombi and Yager H-functions).

a) W' I wwb) w' | we

i=1..9 1 i=1,....9 I

Fig. 5.40. Weights representation in the Wisconsin Breast Cancer problem
for OR-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 5.8 Experimental results

125

OR-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
(WISCONSIN BREAST CANCER PROBLEM)
? —
g 3
o =
5 o o
$2 &2 Sg
= E o0 g @
B £2 i o
EE Z5
E IS == é = g =
E| =
H =
= -; g
= @ = = = = = = =
= 5 =
E| =% g g 28 £ 25 £ 22
= g Lt =2 o9 =2 oo o =2
= o = 5 = a8 = s = = = == 2 8
sl Ed | & | 228 g2 | 42 | E2 | 4E | 2
al z8 | N <2 | 9@ | <= | 9= =z
i v 0.5 1.0000 1.0000 2093 2.51 1.95 1.95
i v 0 - - 3.14 2.51 2.44 2.4
v 0.5 1.0000 1.0000
o 1 0.0001 0.0001
; . i 1.4
iii o : 0.9532 0.9508 2.30 2.09 1.95 6
o 1 0.9991 0.9999
v 0.5 1.0000 1.0000
o 1 0.0396 0.0569
w| I sl Bl BT 1.88 1.46 1.46
a¥ 1 0.9888 0.9241
w’ 1 Fig. 5.40-a[Fig. 5.40-b
w 1 Fig. 5.40-a] FiE. 5.40-b
ﬂ) w' I w b) w'
o o
0 "
i e

Fig. 5.41. Weights representation in the Wisconsin Breast Cancer problem
for OR-type NFIS and a) Dombi H-function, b) Yager H-function
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Table 5.9 Experimental results

OR-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS
(WISCONSIN BREAST CANCER PROBLEM)
—
: £)
ek g o g
> £ =< =
= = 8 E 3 ]
£ & = 5 E 3
E g =" 2 =
E| =
- = -
E s E = = = = = =
e | 28 3 s 2 2 2 £ £
St 0 EE el e
B ES | £ | EE | B | B2 | B | BE | B
2| z& £ aE | »m | a®m | »= | &% | »E
i v 0.5 1.0000 1.0000 2.30 2.09 1.95 1.95
il v 0 - - 2.51 2.30 2.44 1.95
v 0.5 1.0000 1.0000
p* 10 9.9996 | 10.3369
P 10 10.0002 | 3.8732
iii P 10 9.3716 11.4615 2.09 2.09 1.46 1.46
o 1 0.0001 0.0025
o 1 0.9554 0.9608
[vad 1 0.9993 0.9851
v 0.5 1.0000 1.0000
P’ 10 6.8385 | 16.1151
r 10 10.6122 | 6.6922
' 10 14.3388 8.7812
iv o 1 0.0451 0.0842 1.67 1.67 1.46 1.46
o 1 0.9677 | 0.9533
7 sl 1 0.9431 0.9660
w’ 1 Fig. 5.41-alFig. 5.41-b
wE 1 Fig. 5.41-a|Fig. 5.41-b)

5.10. SUMMARY AND DISCUSSION

In this chapter we introduced the concept of adjustable quasi-triangular
norms. They switch smoothly between t-norms and t-conorms depending on
the value of parameter v. In a similar spirit we proposed the idea of
quasi-implications which vary between “engineering implications” and fuzzy
s-implications as v goes from O to 1. Based on these ideas we developed
several neuro-fuzzy systems characterized by automatic determination in the
process of learning of the fuzzy inference (Mamdani type or logical type).
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Moreover, we incorporated various flexibility parameters into the
construction of neuro-fuzzy systems. From simulations performed in

Section 5.9 we found out that the best results were obtained for weighted
flexible neuro-fuzzy systems.

5.11. PROBLEMS

Problem 5.1. Derive an H-function generated by the Dombi t-norm.
Problem 5.2. Derive an H-function generated by the Yager t-conorm.
Problem 5.3. Derive a quasi-implication generated by the Dombi t-norm.
Problem 5.4. Derive a quasi-implication generated by the Yager t-conorm.

Problem 5.5. Derive the basic flexible systems based on the H-function
generated by the Zadeh t-norm. Plot the corresponding hyperplanes.

Problem 5.6. Derive the soft flexible system based on the H-function
generated by the Zadeh t-norm. Plot the corresponding hyperplanes.

Problem 5.7. Derive the weighted flexible system based on the H-function
generated by the Zadeh t-norm. Plot the corresponding hyperplanes.

Problem 5.8. Apply the weighted minimum and maximum operations [19]

minfa,,...,a,;w,,.. w}— [( )va]

n
max{al,...,a";w,,,..,wn}=i\__/l[w‘. A

to construct a weighted flexible NFIS.

Problem 5.9. Apply the geometric mean

to construct a soft flexible system.
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Chapter 6

FLEXIBLE COMPROMISE AND-TYPE
NEURO-FUZZY SYSTEMS

6.1. INTRODUCTION

In Chapter 5 we constructed a new class of adjustable quasi-triangular
norms and corresponding quasi-implications. After learning, a Mamdani-type
or alogical-type neuro-fuzzy system has been established depending on
parameter v in function H (a;v). In this chapter we assume that fuzzy

inference is characterized by the simultaneous appearance of Mamdani-type
and logical-type reasoning. We will develop another class of flexible
neuro-fuzzy systems.

This chapter is organized as follows. The problem description is given
in Section 6.2. In Sections 6.3-6.5 anew class of neuro-fuzzy systems is
presented. In Section 6.6 learning procedures are derived to learn parameter
A (type of the system), parameters of membership functions, flexibility
parameters and weights described in Chapter 4. In Section 6.7 simulation
examples are given.
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6.2. PROBLEM DESCRIPTION

Let %(t)e XcR", y(t)eRcY and d(t)eRcY, t=1,2,.., be

a sequence of inputs, outputs and desirable outputs, respectively. In this
chapter we address the following design and learning problems:

a)

b)

Our first problem is to design aneuro-fuzzy system realizing
a mapping f:X — Y such that a fuzzy inference is described by the

following combination of “engineering” and fuzzy implications

Ia,b;A4)=(1-A)1,,,(a,b)+ Al ;.. (a,b) (6.1)

eng
We assume that an “engineering implication” 7, (a,b) is represented
by a t-norm whereas a fuzzy implication [, y(a,b) is represented by
an S-implication, i.e.
I{a,b;4)=(1-)T{a,b}+ AS{l - a,b} (6.2)
where T and S are dual triangular norms.
Moreover, we will incorporate: (i) softness to implication operators, to
the aggregation of rules and to the connectives of antecedents;
(i) certainty weights to the aggregation of rules and to the connectives
of antecedents; and (iii) parameterized families of t-norms and
t-conorms to implication operators, to the aggregation of rules and to

the connectives of antecedents. All the neuro-fuzzy systems described
in this chapter are in the form (3.39), i.e.

Zj;r _agrr(,—")—)r)
y=f&)=+15
> agr (%, 7)

r=1

Based on the learning sequence (X(1),d(1)),(x(2),d(2)),... we wish to

determine all parameters (including the system type represented by
value of 4) and weights of NFIS such that

elr)=5 L7 (&)~ al)F (63)

is minimized. The steepest descent optimization algorithm with
constraints can be applied to solve this problem.

6.3. BASIC COMPROMISE SYSTEMS

Flexible compromise neuro-fuzzy systems exhibit simultaneous

behaviour of two basic fuzzy inference systems: Mamdani-type and
logical-type. The quasi-implications (6.2) are compositions of two
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components, and are a practical implementations of the compromise fuzzy
reasoning described in Chapter 4. The value of the compromise parameter
Ae [0,1] imposes a dominance of one fuzzy model over another;
Mamdani-type if the parameter goes to 0 or logical-type if it goes to 1. The
logical AND connective is used to connect the antecedents in the individual
rules. This connective is expressed by a t-norm. As it was noted in [108], the
combination of the Mamdani and logical methods raises the problem of
aggregation in the compromise model. In the case of the Mamdani method
we use an OR aggregation while in the case of the logical method an AND
aggregation is applied. A combination of these two methods requires a final
aggregation being a compromise between an OR and an AND aggregation.
The basic neuro-fuzzy inference systems of an AND-type employ
combinations of “engineering” and fuzzy implication. The systems are given
by the formula:

AND Ia
1, (®) =Ty () &) (64)

oy (A=A 5 R,y (7 )

b6 )"[ AL e @ (7) J )
o (=28, &) &

ogr, (%7 )_[ warf{l, &y )1, &5 )} ] (©©

Alternatively, if we express a t-norm and a t-conorm by an H-function with
parameters v =0 or v =1, the basic compromise NFIS can be described as
follows:

AND Ib

Tk (i) - H(,u,fl‘ (fl )’ e O’ /'l,q: (fn ) ;] (67)

(I_A)H[ﬁl(fk(i))’lugk (yr) ;j_*_

0

. M[ﬁo (e &) 1, (57) ;J

1

I, )= (©8)
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a7,

1

+M[]l,r(i’y‘r)""’]N,r(i5yr) ’)

0

It is easily seen that for A =0 the above system is of Mamdani-type, and for
A =1 it becomes of the logical-type.

(6.9)

The block diagram realizing a strength of rules z'k(i) , k=1,...,N, is
depicted in Fig. 5.10 (see Section 5.5). In Fig. 6.1 and 6.2 we depict block
diagrams realizing the quasi-implication [, (",y’) given by (6.8) and the

aggregation agr, (Yj') given by (6.9), respectively.

The quasi-implication ],‘,,_(i,f") , k=1,...,N, r=1,...,N, following
Fig. 6.1, is determined by a soft composition controlled by parameter A of
two components, i.e. fuzzy inference (logical-type) b,"'r (i,y’) and
“engineering” inference (Mamdani-type) c,f,r (i,y’) . The dominance of one

component over another depends on the value of parameter A .

i

2|

Fig. 6.1. Implication operator in basic AND-type NFIS (AND Ib)

The aggregation operator agr,{X (_ )7") r=1,...,N , following Fig. 6.2, is

determined by a soft composition of two components, i.e. br“g'( ,yf) and
agr
c,

( X,y ) . Component b"‘g'( X, " ) describes the aggregation in the case of

= =r

the logical method while component ¢ (x y ) in the case of the Mamdani
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[

method. Observe that component b,”g'(x, y ) is realized by an H-function

parameterized by V=0 (equivalent to at-norm) whereas component
cfg'(i,y’) is realized by an H-function parameterized by v =1 (equivalent

to a t-conorm). The dominance of one component over another depends on
the value of parameter 4.

- agr, (%)

Fig. 6.2. Aggregation of rules in basic AND-type NFIS (AND Ib)

In Fig. 6.3 we depict the shape of the hyperplanes described by formulas
(6.7)-(6.9) for n =2, N=2 and the varying parameter 4. We applied the
algebraic triangular norms.

6.4. SOFT COMPROMISE SYSTEMS

In this section we extend the basic compromise NFIS described in
Section 6.3. The flexibility in that section was based on a compromise fuzzy
reasoning being a composition of the Mamdani-type and the logical-type
fuzzy inference. The dominance of one inference model over another
depends on the compromise operator A. In this section we assume that fuzzy
norms (and the H-function) in the antecedents connection, implication and
aggregation are parameterised by parameters p®, p’, p® respectively. An
additional flexibility is obtained by incorporating soft fuzzy norms described
in Section 4.3. The flexibility parameters ¢, @', o allow to balance
between operators (6.4), (6.5), (6.6) and corresponding arithmetic averages
being a kind of competitive solution to those given in Section 6.3. Another
flexibility can be incorporated by an application of parameterized triangular
norms described in Section 4.4,
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Fig. 6.3. 3D plots of basic AND-type NFIS (AND Ib)
forn=2, N=2anda)1=0.00,b)1=025,¢c)1=050,d)1=075,¢e)1 =100
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The soft compromise NFIS of an AND-type are given by:

AND IIa
(-a )avg(,u,* (&)t (7, %)+
T i = had ) ' & 3
k( ) +a’T{'u 'u‘ )

(6.10)

(1-a' lavg(¥,_, (r, ®)) 2, 577 )+

(6.11)

(6.12)

. M{ L&), @5 ;}

Alternatively, if we express a t-norm and t-conorm by an H-function with
parameters v =0 or v =1, the soft compromise systems can be described as
follows:

AND IIb

1 (74 )avg(u x, ,,uA, )
Tk(i)= . ..(,ud, (x,),...,,uA, (xn) ;J (6.13)
+a'Hp "

p'0
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-0 Jovel#, . 7 )., 7))+
(Fﬂ%ﬁmwu%W%}

p'0

. m[ﬁom ®) a1, (7) ;]

1,&y)= (6.19)

+a

(6.15)
+ o™

(n(i ﬂpw,o &5 )'J

It is easily seen that the above system reduces to a basic compromise system
described in Section 6.3 if " =a’ =* =1 and parameterized triangular
norms are replaced by standard triangular norms.

In Fig. 6.4 and 6.5 we depict block diagrams realizing the quasi-implication
I, (i,y") given by (6.14) and the aggregation agr, (i,ﬁ") given by (6.15),

respectively.

The block diagram realizing a strength of rules <, (x), k=1,...,N, is
depicted in Fig. 5.14 (see Section 5.6). The quasi-implication Ik’,(i,j;"),
k=1,...,N, r=1,....,N, following Fig. 6.4, is determined by a soft
composition, controlled by parameter ¢, of two components, i.e. a,f‘,‘ (i, j/”)
and dk"r (i,)_/") Component dk,(x y ) is a soft composition, controlled by
parameter A of two components bk',, (x, y") and c,f,,‘ (i,y") . The composition
dk”,,(i,}‘;") is determined analogously as in basic compromise systems
described in Section 6.3. Component a,f),, (i,j;'") is the arithmetic average of
the compromise operator (5.5), operating on the firing rule strength 7, (i) ,
k=1,...,N ,and the value of consequence membership functions (y") ,

k=1,.,N, r=1,...,N, determined in point " , r=1,...,N,at which
functions 4, attain their maximum equal to 1.
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Plf& ; . ( )

p A
Py, T L a, \x,y
?f a ._i Hy t ............. 1 avg I

Fig. 6.4. Implication operator in soft AND-type NFIS (AND IIb)

The aggregation operator agr,(i,}’) , r=1,...,N, following in Fig. 6.5, is

determined by a soft composition, controlled by parameter ", of two
components, i.e. ajg'(,—‘, y’) and d,f‘g'(i,y’). Component a*‘g’(i, y‘") is the

r

average of quasi-implications Ik_,('i,y"), k=1,..,N, r=1,.,N,

determined in points ¥ , r=1,...,N, at which consequent membership
functions g, , k=1,..,N, attain their maximum equal to 1. The

composition d,‘.’g'(i,i’) of components bf.'g'(i,y') and cf“’(‘i,y’) is
determined analogously as in basic compromise systems described in
Section 6.3. The dominance of one component over another depends on the

value of parameter 4.

Fig. 6.5. Aggregation of rules in soft AND-type NFIS (AND IIb)
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i1}

4G 04 6)
LF : 4

Fig. 6.6. 3D plots of soft AND-type NFIS (AND IIb)
forn=2,N=2,a"=a’"=a"™ =10, p"=p' =p™* =10
anda)A=000,b)4=025,c)1=050,d)A1=075,¢) A =100
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Fig. 6.7. 3D plots of soft AND-type NFIS (AND IIb)
forn=2,N=2,a"=a' =a™ =05, p'=p' =p*¥ =10
and a)4=000,b)1=025,¢c)1=050,d)41=0.75,e) A =100
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In Fig. 6,6 and Fig. 6.7 we depict the shape of the hyperplanes described by
formulas (6.13)-(6.15) for n=2 and N=2. We applied the Dombi
triangular norms.

6.5. WEIGHTED COMPROMISE SYSTEMS

Analogously to the weighted flexible systems of an OR-type presented
in Section 5.7, we incorporate weights to the soft compromise system given
in Section 6.4. Introducing weights to that system we get the weighted soft
NFIS of an AND-type:

AND IIIa

- )avg(,uA, xl ,,uAk +
(6.16)

7,(%)= +a1f*{ﬂ (%) ’/’lAk

Wl/w nk’

(1-a'lvel¥,., (z, (& ﬂ,,k P’))+
)

,U & )
1-A) B
]k’r<i,y")= 1 ( )e"g[ } (6.17)

+o

agr, (%, 7" )= (6.18)
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Alternatively, if we express a t-norm and a t-conorm by an H-function with

parameters V=0 or v =1, the weighted compromise systems NFIS can be
described as follows:

AND IIIb
(l —-a’)avg(ﬂ/‘lk (Tc] ),. S ()_cn ))+
7,(%)= +afﬁ{#"" )ity (5,) ;J (6.19)
W]t’k,...,w;’k,pr,o

(1-o )avg(l\Nf -2 (T (®)) " ))+
u—zm[ﬁl (@ @iy ) J

p'0
. m{ﬁom (®) 4, 7) ;]

p'l

Ik,r(i’ -i).r)z I (6.20)

+a

(1 _ aagr )an(Il,r (i, yr ),. . "IN,r (i’ y—" ))+

(1 —ﬂ)ﬁ*(fl,r(i,?r),...,[N,r (i,y’) ;}-

agr agr agr
W Lw, p®l

+m*[1hr(i,y""),...,IN’r(i,i’) ;]

agr,(i,f’): \ o (6.21)

agr agr agr
wE, . awy L, 0

It is easily seen that the above system reduces to a soft compromise system
described in Section 6.4 if w;, =1, i=1,...n, k=1,...,N and wj¥ =1,
k=1,...,N.

The block diagrams realizing a strength of rules 7, (i) ,» k=1,...,N, and
quasi-implication Iklr(i,)')’% k=1,..,N, r=1,...,N, are depicted in

Fig. 5.23 and Fig. 6.4, respectively. In Fig. 6.8 we depict the block diagram
realizing the aggregation agr, (i,y’) given by (6.21).

The aggregation operator agr,(i,y") , r=1,...,N, following Fig. 6.8, is
determined by a soft composition of two components, i.e. a'® (i,fr) and

r

d,f‘g‘(i,y"). Component a"g'(i, )7’) is the average of quasi-implications

r

I,“r(i,y“"), k=1,..,N,r=1,...,N , determined in points y" , r=1,...,N ,
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at which consequent membership functions g, , k=1,...,N, attain their

maximum equal to 1. The composition d* (i,f’) of components
by ('i,}’) and cfg‘(i,y") is determined analogously as in basic
compromise systems described in Section 6.4, however certainty weights
w® , k=1,.,N, are additionally incorporated into the weighted
compromise system. The dominance of one component over another depends

on the value of parameter .

o
A

P
w*

7 =l | ~k)

1,&7) | [ 7 F—— - agr,(%.57)

T ey ) i

Fig. 6.8. Aggregation of rules operator in weighted soft AND-type NFIS (AND IlIb)

In Fig. 6.9 and Fig. 6.10 we depict the shape of the hyperplanes described by
formulas (6.19)-(6.21) for n=2 and N=2. We applied the Dombi
triangular norms.
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LU 8]
¥/ 02 T

3 (1) 0g 1

Fig. 6.9. 3D plots of weighted soft AND-type NFIS (AND IIIb)
for n=2,N=2,¢a" =al =" =10, pf=pl =plgr =10,
w,=w¥ =025, w;, =w¥ =0.75 ,

and a)4=0.00,b)4=025,¢)1=050,d)1=075,¢€) A =100
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Fig. 6.10. 3D plots of weighted soft AND-type NFIS (AND IIIb)
forn=2,N=2,a"=a' =a™ =05, p"=p' =p* =10,
Wi =W =025, wi, =wi¥ =0.75 ,

and a)A=000,b)1=025,c)41=050,d)1=075,¢€) 4 =100
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6.6. LEARNING ALGORITHMS

In this section we follow the ideas given in Section 5.8. We will derive
the learning algorithms for flexible compromise AND-type neuro-fuzzy
systems having the layered structure shown in Fig. 5.29. The block of rules’
activation and the block of defuzzification are the same as those shown in
Fig. 5.30 and 5.33, respectively. Therefore, we will describe the block of
implication and the block of aggregation which are different for AND-type
and OR-type systems. We will apply the gradient optimization with
constraints in order to optimize:

. Aelol],

»  gelol],aelo]], e*elol],

" pefow), p'efo,), p¥el0),
" whelol],i=1,..n,k=1..N,

" wrelol], k=1,..N.

Analogously to neuro-fuzzy systems studied in Chapter 5, we will use the
constraint functions (33) and (35) in the Appendix, to perform the
optimization of the above parameters and weights. Moreover, we will
find in the process of learning parameters of the membership functions

p(x) and g, (p), =1, k=1,.N:

" pisu=Lo Pt =10, k=1,.N,
. ploou=2,.,P k=1..N,

" ph=F.k=1,..N.

a)  General learning procedures

Parameter A of NFIS is updated by the recursive procedure
Ale+1)= At)-naA(r) (6.22)
where correction A is given by
N N N
A=Y e AN (A} (6.23)
k=1 r=| r=l

Other parameters of the NFIS are updated by the recursive procedures given
in Section 5.8.
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b)  Block of implications

The errors propagated through the block of implications (see Fig. 6.11) are
determined as follows:

oL, (57) (&, 5")
ad,:,(“? 92
&) el (x5) |
‘”“}““%ai TR &) o9
W, (7, (%) v (R)

A-2) a4
& fo')=gt QT (%5) (6.25)
ks k,r aa[ *

[y i L&
8LE5) | 6 huky)

“""E:{Tk(i)} 7, (%) 41

: | = -/
- :a} e |
«eipn,} pb,pemldE : ai,&5) |
<)y e

Fig. 6.11. Block of implications

( ) ad,f,,((i,?rj) aclf,r (‘i,'}j’)-l-

rfo1 al, X,y ac,f,, Xy %’

) (6.26)
Vel S ) o oy ot )

b, (x5) o'
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o1, (%,57)| Oyl
xy) | |wmb7)  627)
’ r) apf,k

! B \_ L]
ek,r u,k}—gk.r +abl 3
k

aIk,r(i’.)—;r) a,u,,k y N
1 [= =r . _
el l=el, 57 +ad"”(;f’ u,(7) (629

7).
) "
)

ad] (&5 )., &)
acl:,r (i’ y' ) 37, (%)

PN ET R BT S ) (6:29)
gk,r {Tk (x )} = gk.r

A CALY)
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where

a1, (x,7") ) )G(ai,r(i SAY ST ] (6.30)
,yr

a,&y) o o, &5 )dl, &5 )
o _ Gl % ks (6.31)
od;, (x5} dd],[xy) ( o
a,&5)_ a G[al, ®5)d,&5) ;] (6.32)
o’ aa’ o
oa),(%5) _ 3 V(e (x S 6.33
o) TG ) e
day,(®%5) 3 . 5 6.34
o R O
abl,(_l ) —a—, i -5, @)1, (7) 5 (6.35)
dp op Pl
,&7)__ 3 A1-n@u0); (6.36)
(7)o, 5) o'l
v, &5) o A(1-n@u);
. _ P AR (6.37)
A-7,(x)) a(-7,(x) ( o'l
ac,f,,(i;?')z_a_’ﬁ Tk(i),ﬂ,,k(?'); (6.38)
dp dap p',0
2o, ®7)_ o An®ul); (639)
a'ua"( ) a'uB" (f r) p ’,0

oc;, (i,f") _ 0 i T (i)’ﬂg" (yl) ; (6.40)
o7, (®) 7, (i) p',0
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LT3 [kl k):

’, - G| s pRem s 6.41
abk]»" (i’ )—7) abkl,xi yT) A ( )
i, &) 2 e, (&7 )08 )

2, & y) aL ) | (642)

ad,",,(i,i’)_ 0 G{ckr( 7)ol &5) ) (6.43)

c) Block of aggregation

el o
-l—é‘:"{ﬁ.} A it cLararerd Ty P et Ty AT b D

o I BT
- P
i < Pk

<yl W | e*&5)

agr,(%,5)
| <ew

Fig. 6.12. Block of aggregation

The errors propagated through the block of aggregation (see Fig. 6.12) are
given by:

agr f 21 .ag 08T, (i,y") od® (i, f’)
eridy=er ad*(x,5) o4 (©49
e o )= g dagr,(%,7") (6.45)

aaagr
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9d:¥ (3,5 ) et (,7")
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+
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where

dagr, (i,y" ) - 0 )G[a,‘f‘g' (i, y' )> ¥ (i,?r) 5] (6.49)
; 4

dagr,(®%y) 9 | G(a,‘-‘g’ &7 bd=(x5) ;) (6.50)

o™
dagr,(%7)_ 0 Gafgr(i,?'ldfg'(i?')? (6.51)
da™ o o

2w (sy)._

0 o,
7 )... X, 5" 6.5
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o (ey)_ 3 a1 EF) ot &) (6.53)
op™ op™ W wy, p™ 0

D SAE i L& )l &) (6.54)
wF W Wi, P10

b*[®7) 0 g.[ln.r(i?"),'--’IN-'-(X’V) ;] (6.55)
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wwey, ptil
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etey) e w) o
24 (%,5') _ &7 b (&) 6.60
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6.7. SIMULATION RESULTS

In this section we present four simulations of the AND-type
neuro-fuzzy systems. We use benchmarks described in Sections 3.6. Each of
the four simulations is designed in the same fashion:

(1) In the first experiment, based on the input-output data, we learn the

parameters of the membership functions and a system type Ae [0,1]
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(ii)

(iii)

(iv)

V)

Flexible Neuro-Fuzzy Systems

of the basic compromise system described in Section 6.3. It will be
seen that the optimal values of A, determined by the gradient
procedure, are either zero or one.

In the second experiment, we learn the parameters of the membership
functions of the basic compromise system described in Section 6.3
choosing values of A as opposite to that obtained in experiment (i).
Obviously, we expect a worse performance of the neuro-fuzzy system
comparing with experiment (i).

In the third experiment, we learn the parameters of the membership
functions, system type Ae [0,1] and soft parameters o€ [0,1],
a'el0l], a®el01] of the soft compromise system described in
Section 6.4 assuming that classical (not-parameterised) triangular
norms are applied.

In the fourth experiment, we learn the same parameters as in the third
experiment and, moreover, the weights w,fk € [0,1] , i=1,...,n,

k=1,.,N, in the antecedents of rules and weights wi* € [O,l] ,
k=1,...,N, of the aggregation operator of the rules. In all diagrams
(weights representation) we separate  w;, € [0,1] , i=1,...,n,
k=1,.,N, from w*e[01], k=1,..,N, by a vertical dashed line.

In each of the above simulations we apply the Zadeh H-implication
and the algebraic H-implication described in examples 5.5 and 5.6,
respectively. In separate experiments we repeat simulations (i)-(iv)
replacing the Zadeh H-implication and the algebraic H-implication by
quasi-implications generated by parameterised triangular norms: the
Dombi H-implication and the Yager H-implication. In these
simulations we additionally incorporate parameters p°e [O,oo) ,

plel0,=), pTel0,«=).
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Box and Jenkins Gas Furnace problem
The experimental results for the Box and Jenkins Gas Furnace problem are
depicted in Tables 6.1 and 6.2 for the not-parameterised (Zadeh and
algebraic) and parameterised (Dombi and Yager) H-functions, respectively.
For experiment (iv) the final values (after learning) of weights w;, € [0,1]
and W™ € [0,1] , i=1,.,6, k=1,...,4, are shown in Fig. 6.13 (Zadeh and
algebraic H-functions) and Fig. 6.14 (Dombi and Yager H-functions).

Table 6.1 Experimental results

AND-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
{BOX AND JENKINS GAS FURNACE PROBLIEM)
X
=
M g
=
gz 3
— -1 4]
m o= =
- W R
o o
5 £g 23
= 2
£ =
=
-~ =
= v E — 2 B s 8 e B g
i) EE £ BE | BE | B8 | BE
gl z& | N = <= Nz =]
i A 0.5 0.0000 | 0.0000 | 0.5029 | 0.5012
i y 1 - - 0.6389 | 0.6324
A 0.5 0.0000 | 0.0000
i o 1 0.9847 | 0.9741 04125 | 04013
o 1 0.9546 | 0.9558
o 1 0.9938 | 0.9349
A 0.5 0.0000 | 0.0000
) 1 0.9808 | 0.9437
v ad 1 0.9994 | 0.9507 02477 | 02442
o | 0.9683 | 0.9504
w' 1 Fig. 6.13-a|Fig. 6.13-b
W 1 Fig. 6.13-alFig. 6.13-b
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a) w' | we b) w’ I w=

Fig. 6.13. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for AND-type NFIS and a) Zadeh H-function, b) algebraic H-function

a) w I we= b) w' |y

Fig. 6,14, Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for AND-type NFIS and a) Dombi H-function, b) Yager H-function
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Table 6.2 Experimental results

AND-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS
(BOX AND JENKINS GAS FURNACE PROBLEM}
s
.
w B =2
st .
z2 =g
= 5 s
5 o Ba
= B
El 2
2l = 8 -
£l oE = 52 £ £ - b g
2| EE £ ES | B | E2 | 2&
= Zz a2 = ax . <1 PeE- -
i F 0.5 0.0000 | 0.0000 | 05169 | 0.5059
i A 1 2 e 0.6523 | 0.6588
A 0.5 0.0000 | 0.0000
P’ 10 9.8567 | 21.5916
p 10 11.7979 | 22.3708
iii P 10 98144 | 4.4304 | 04352 | 04236
o 1 0.9563 | 0.9957
ad 1 0.9942 | 0.9388
o 1 0.9407 | 0.9665
A 0.5 0.0000 | 0.0000
P’ 10 11.2171 | 24.2793
? 10 9.6944 | 23.6784
P 10 11.2106 | 2.9272
iv o 1 0.9592 | 09604 | 0.2481 | 0.2487
ad 1 0.9958 | 0.9500
frad 1 0.9532 | 0.9623
w’ 1 Fig. 6.14-a[Fig. 6.14-b
W 1 Fig. 6.14-aFig. 6.14-b

Glass Identification problem

The experimental results for the Glass Identification problem are depicted in
Tables 6.3 and 6.4 for the not-parameterised (Zadeh and algebraic) and
parameterised (Dombi and Yager) H-functions, respectively. For experiment

(iv) the final values (after learning) of weights w;, € [0,1] and w¥ € [0.1] ;
i=1,..9, k=1,...,2 , are shown in Fig. 6.15 (Zadeh and algebraic
H-functions) and Fig. 6.16 (Dombi and Yager H-functions).

155
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Table 6.3 Experimental results

. AND-TYPE NFIS wiTH NDN-PARAMETR]SED H-FUNCTIONS
(GLASS IDENTIFICAT}ON PROBLEM)
= =
g a
T §~ - - C
< E 3 . E:. =
%5 8 g >
s 8 2 =2 e
L~ £ S g
== g S 8
E 5 = = = = =
5 =
= = 1 -
- 5 b1 : . e
s| €5 = 2 28 E | =5 2 25
E|l 5% z g ES | .3 | B8 | _3% 2%
e e £ 2f | o5 | 55 | o5 | 5=
S EE | = | 34 | BE | §2 ) e | TE | BE
SE R = N= | == N = <z N = < m
i 5 0.5 1.0000 | 1.0000 | 4.00 3.33 3.13 3.13
ii i 0 . . 4.00 4.67 3.13 3.13
A 0.5 1.0000 | 1.0000
g| & : GRORT | RRSY | g 2.67 1.56 3.13
o 1 09493 | 09717
@ 1 0.9201 | 0.9480
4 0.5 1.0000 | 1.0000
o 1 0.0691 | 0.0498
v| 2 ' 2612 | BT | won | mow 1.56 1.56
e I 0.9434 | 0.9791
w' 1 Fig. 6.15-alFig. 6.15-b
W 1 |Fig. 6.15-afFig. 6.15-b
a) w' | wb) w' | w

Fig. 6.15. Weights representation in the Glass [dentification problem
for AND-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 6.4 Experimental results

157

AND-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS

(GLASS IDENTIFICATION PROBLEM)

g _—
$ g
a0 S =
g = e 32 sz
E L] [ -1 ] o x
g E % E =2 &0
E 23 £%
E = = ® == - =
15
; ‘5 § = = = = = =
2| S8 | % B2l 2 S il
iz s & = =g 5 £ s g 5 2 52 5 £
Bl BE 2 L ReL bd [CBE L ha) BE | B
2| 28 i am irw o ag | oanmilidn [
i i 0.5 1.0000 | 1.0000 [ 3.33 3.33 3.13 3.13
ii i 0 < £ 4.00 4.00 3.13 3.13
A 0.5 1.0000 | 1.0000
P 10 9.8816 | 133516
P 10 9.7060 | 9.9069
iii P 10 92553 | 10.8202 | 2.67 2.67 1.56 1.56
o 1 0.0166 | 0.1211
o | 0.8357 | 0.9804
o 1 0.9498 | 0.9079
2 0.5 1.0000 | 1.0000
pF 10 9.7505 | 12.3408
p' 10 9.9503 | 10.2859
P 10 9.7660 | 9.3689
iv o I 0.0074 | 0.0951 1.33 1.33 1.56 1.56
d 1 0.8551 | 0.9202
& I 0.9337 | 0.9428
w’ 1 Fig. 6.16-a|Fig. 6.16-b
W 1 |Fig. 6.16-a[Fig. 6.16-b
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 —_—

a) w' I wb)

-~ ~

e

i
i

Fig. 6.16. Weights representation in the Glass Identification problem
for AND-type NFIS and a) Dombi H-function, b) Yager H-function

Modeling of Static Nonlinear Function (HANG) problem

The experimental results for the Modeling of the Static Nonlinear Function
problem are shown in Tables 6.5 and 6.6 for the not-parameterised (Zadeh
and algebraic) and parameterised (Dombi and Yager) H-functions,
respectively. For experiment (iv) the final values (after learning) of weights
welol] and w=e[01],i=1,..2, k=1,...,5, are depicted in Fig. 6.17
(Zadeh and algebraic H-functions) and Fig. 6.18 (Dombi and Yager
H-functions).

El) w' ! w b) w' | W

i=l,....2 | i=1,...2 I

Fig, 6.17. Weights representation in the HANG problem
for AND-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 6.5 Experimental results

AND-TYPE NFIS WITH NON-PARAMETRISED H-FUNCTIONS
(MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)

s
=
3
v ¥
5E >
e = o
= ao. =
>3 w8
‘-. 5 Q=
e £ & 52
: - o =
2]l B
f| £ |
o=
e 3
g1 85 - = | e85 S F o8
El] 5% = = =z z g8
B o B = =g = B = = 2 B
el 8 E = TS | &E = E 55
2l 22 B N = =z N = <z
0.0000 | 0.1218 | 0.1028

N
o
in
e
=
' =]
=]
=)

ii - 0.1407 0.1264

A

A 0.5 0.0000 | 0.0000
o 1 0.0324 0.9410
o 1 09353 | 0.9439
4 1 0.8872 0.9628
A

a

ad

iii 0.1160 0.1073

0.5 0.0000 | 0.0000
0.0461 0.9850

0.9684 | 09875 | 1608 | 0.0936

=
4
e b s

o 0.9269 0.9903
g Fig. 6.17-a|Fig. 6.17-Db|
w' Fig. 6.17-alFig. 6.17-b
a) w' | w b) w' | w

Fig. 6.18. Weights representation in the HANG problem
for AND-type NFIS and a) Dombi H-function, b) Yager H-function
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Table 6.6 Experimental results

- AND-TYPE NFIS WITH PARAMETRISED H-FUNCTIONS.
- (MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)
&
=
2
=" 1]
=
g Z 3
a= &0
> 9 @ g
= !3- f_g =
=
5 = <
£ z
E =
=
e 3
El €5 | 2 s g g g
£ b= g = F = . F s
$| 2% 2 | 15| &8 | 28 8%
= £ A= | 8% | S=
i A 0.5 0.0000 | 0.0000 | 0.1386 | 0.1047
ii A 1 - - 0.1586 | 0.1297
A 0.5 0.0000 | 0.0000
pr 10 18.2764 | 5.6494
' 10 10.8980 | 11.9890
iii pE 10 10.3142 | 3.2564 | 0.1247 | 0.1118
o 1 0.0285 | 0.9539
o 1 09774 | 0.9631
o 1 0.9665 | 0.9632
Fl 0.5 0.0000 | 0.0000
P 10 17.9950 | 4.4833
P 10 9.9850 | 11.9089
P 10 10.7893 | 3.4419
iv o 1 0.0027 | 09295 | 0.1096 | 0.0986
o 1 0.9315 | 0.9832
o 1 0.9404 | 0.9706
w' 1 Fig. 6.18-a[Fig. 6.18-b
W 1 Fig. 6.18-a[Fig. 6.18-b

Wisconsin Breast Cancer problem
The experimental results for the Wisconsin Breast Cancer problem are shown
in Tables 6.7 and 6.8 for the not-parameterised (Zadeh and algebraic) and
parameterised (Dombi and Yager) H-functions, respectively. For experiment
(iv) the final values (after learning) of weights w;, e [0.1] and wrE e [01],
i=1,...,9, k=1,...,2, are depicted in Fig. 6.19 (Zadeh and algebraic
H-functions) and Fig. 6.20 (Dombi and Yager H-functions).
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Table 6.7 Experimental results
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AND-TYPE N'F}S. WITH NON-PARAMETRISED H-FUNCTIONS
(WISCONSIN BREAST CANCER PROBLEM)
2 =
. - _£
s 5 28 SE
= = = @
35 g i
- - e -
L e = = = =
a5 %k 7 E
= &= - =4
by = o« == ==
1
= o = = = = = =
= = .
S| =E = 2 g =Ec | 58 | 5¢ o
1 82 | 52 | 32 | g2 | B2
gz & = <o - 2z | um -
i A 0.5 1.0000 1.0000 293 2.51 2.44 1.95
il A 0 - - 3.14 2.72 293 2.44
b 0.5 1.0000 1.0000
iii o ’ DOPAT § DAGH | mamy 230 2.44 1.95
o 1 0.9624 | 0.9739
o' 1 0.9690 0.9808
A 0.5 1.0000 1.0000
a | 0.0544 0.0082
w| @ ! O30 | ORI | 1y 1.67 1.46 1.46
o 1 0.9920 0.9992
w’ 1 Fig. 6.19-a[Fig. 6.19-b
w'E 1 Fig. 6.19-a[Fig. 6.19-b
a) o | web)
] 4,
n W
g it

Fig. 6.19. Weights representation in the Wisconsin Breast Cancer problem

for AND-type NFIS and a) Zadeh H-function, b) algebraic H-function
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Table 6.8 Experimental results

AND-TYPE NFIS WITH PAMMETﬁSED H-FUNCTIONS
(WISCONSIN BREAST CANCER PROBLEM)
E _—
g 2§ ==
2 E o - 2
g E :‘rag - . ﬁ B
e £ g 88
= = o= 2
S 2 E& 23
E| £
=
5 z 2
5 & u 2 = = = = = =
o - = = =) =) e o
Bl == | = | =] ' | = € a8
= v E — = & o = g o = g &
2| Ef | £ | B | B2 | B2 | %2 | E2 | Be
gl za = = | 2z | d | sE | & | A=
i A 0.5 1.0000 | 1.0000 2.30 2.09 1.95 1.95
i A 0 . - 251 2.30 1.95 1.95
A 0.5 1.0000 | 1.0000
'S 10 15.5566 | 5.3325
' 10 153728 | 1.0547
iii P 10 12.8735 | 10.8646 2.09 1.88 1.95 1.46
a 1 0.0543 | 0.0444
a 1 0.9258 | 0.9885
o 1 0.9545 | 0.9739
A 0.5 1.0000 | 1.0000
P’ 10 14.5891 | 12.5328
P 10 15.0974 | 1.4338
P 10 53193 | 122100
iv o 1 0.0028 | 0.0496 1.46 1.46 1.46 1.46
a 1 0.8741 0.9746
" 1 0.9098 | 0.9240
w' 1 Fig. 6.20-a[Fig. 6.20-b
whe 1 Fig. 6.20-a/Fig. 6.20-b
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a) W | web)

Fig. 6.20. Weights representation in the Wisconsin Breast Cancer problem
for AND-type NFIS and a) Dombi H-function, b) Yager H-function

6.8. SUMMARY AND DISCUSSION

In this chapter we studied the fuzzy inference characterized by the
simultaneous appearance of the Mamdani-type and the logical-type
reasoning. Three neuro-fuzzy structures have been developed based on the
flexibility parameters and weights described in Chapter 4. From simulations
given in Section 6.7 it follows that the incorporation of soft parameters &',
o' and o improves the performance of basic neuro-fuzzy systems. The
best results are observed for neuro-fuzzy systems based on weighted
triangular norms.

6.9. PROBLEMS
Problem 6.1. Derive a compromise fuzzy implication based on the Yager
triangular norm.

Problem 6.2. Incorporate the Yager triangular norm to the construction of the
basic compromise neuro-fuzzy system.

Problem 6.3. Derive a compromise fuzzy implication based on the Larsen
inference and the Reichenbach fuzzy implication.



164 Flexible Neuro-Fuzzy Systems

Problem 6.4. Apply the compromise fuzzy implication derived in Problem
6.3 to the construction of the basic compromise neuro-fuzzy system.

Problem 6.5. Derive a compromise fuzzy implication based on the Larsen
inference and the binary fuzzy implication. Observe that in this problem
model (6.2) is not true, i.e. T and S are not dual triangular norms.

Problem 6.6. Apply the compromise fuzzy implication derived in Problem
6.5 to the construction of the soft compromise systems.

Problem 6.7. Apply the exponential operator [9, 45]
Ersa (al serns @y ) = (T{al sy })]_ll (S{al ey })1 (6.62)

to construct a basic compromise NFIS.
Problem 6.8. Apply operator (6.62) to construct a soft compromise NFIS.

Problem 6.9. Apply operator (6.62) to construct a weighted compromise
NFIS.



Chapter 7

FLEXIBLE MAMDANI-TYPE NEURO-FUZZY
SYSTEMS

7.1. INTRODUCTION

In Chapter 5 we constructed OR-type flexible neuro-fuzzy systems
with quasi-implications

I{a,b;v)=H(N_(a),b;v) (1.1)

whereas in Chapter 6 we developed AND-type flexible neuro-fuzzy systems
with compromise reasoning

Ha,b;A)=(1-A)T{a,b}+ AS{l —a,b} (7.2)
Setting v=0 in model (7.1) or A=0 in model (7.2) we get the
Mamdani-type system. Therefore, for v=A4=0 all the results (including

learning procedures) of Chapter 5 and 6 are applicable to the Mamdani-type
systems.

In this chapter we study the Mamdani-type systems from another perspective.
Our goal is to reveal the connectionist nature of these systems depending on
the functional form of used “engineering implications” (t-norms). We will
study various Mamdani-type architectures described in terms of “engineering
implications”.
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7.2. PROBLEM DESCRIPTION

As we mentioned in Section 5.5, the Mamdani-type system can be
expressed in terms of an H function:

%)= By (7)., (%) 0) (7.3)
1., (x f")=H(A7, (e @), (57) 0) (7.4)
agr, &5 )=Hl1, &5 ). 1y, (& 5) ) (7.5)

The above description and corresponding neuro-fuzzy structures do not
reflect the functional form of a t-norm used for the antecedent-consequent
connection. Therefore our problem is to design a neuro-fuzzy system
realizing a mapping f:X — Y such that the fuzzy inference is described by

the “engineering implication” and the structure of the system explicitly
depends on the form of the t-norm serving as the “engineering implication”.
Moreover, we will incorporate certainty weights to the aggregation of rules
and connectives of antecedents. In simulations we also study the
Mamdani-type systems with soft triangular norms.

7.3. NEURO-FUZZY STRUCTURES

In case of weighted fuzzy systems, the firing strength of rules is

defined by
1 ®=T" e, (5) ], ) (7.6)
where w/, is the weight of the i-th component of the input vector in the

k -th knowledge base rule and T is defined by (4.7).

On the basis of the knowledge comprised in the rule-base and formulas
(3.14)-(3.16) we obtain individual fuzzy sets B*, k=1,..,N. Then we have

to aggregate them into one fuzzy set B’. In case of the Mamdani approach,
the aggregation is carried out by (3.18) and (3.19), and in case of the
weighted aggregation we have

=5 {u,,. wi'} 1.7)
where wi* is the weight of the k -th rule and S™ is defined by (4.9).
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Combining (7.6) and (7.7) with (3.14) and (3.23), we obtain

S5 g.{’(Tl{“A (@)W b, (?’)J WZ‘”}
5 §~ { I(T, w, @i bun G )) w:g'}

Since “engineering implications” (3.14) used in the Mamdani approach are
described by t-norms, formula (7.8) takes the form

3 { { Tl G b )} w:gr}

r={

S RE R

(1.8)

y= (7.9)
r=l

We will now further elaborate equation (7.8). Assuming that fuzzy sets B*
are normal, i.e.

py (7*)=1 (7.10)
and using the boundary condition of triangular norms 7{a,1}=a, we get
1. (74 )= 12, (%) (7.11)

Therefore, for y =" we can rewrite (7.7) as follows

us-(i’)=S‘{Cu 0020 ) 5l Bty »w:sr}} .12

Consequently, combining equations (7.12) and (7.6) with (3.14) and (3.23),
equation (7.8) becomes

iy’ .St i; {u,q',’ (’—C‘)}: ,;. I(i: {#Af (Ei)}:ugl @r)}

It will be convenient to use the following notation
Puy =11 (7) (7.14)
and

B, =1-pp, =1-u,(5) (1.15)
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Using (7.14) we can rewrite (7.13) in the form

{u,,()} [n{ﬂ,ﬂ(-),} ]
sl )y Phst=] w [

k#—‘

_ w,¥ Wi (7.16)
y= —
"* /’lA ( ) "* ’LtA‘ (x )’

ul T ) N* [ T ’ pk role

Z S41 =l ,S i=l W', '

pos k=t b

k#r
ngr w;gr

Mamdani (min) relation
I{a,b)=min{a,b} (7.17)

Putting function (7.17) directly into (7.16), we obtain a formula describing
a neuro-fuzzy inference system with the Mamdani inference

" ,u,.y‘ (fi )’ 'UA‘ ( ')’
) s T ' ’ N~ min T s Py [
Zyi .S i=1 wif,r ,.kS':l i=1 W,'T_k )

agr kr agr
5= W, W' (7.18)
" ,UA;, (f: )’ L /uAf ()—C: )’
ZN:S* ,Z;l 7 3 S/,V* min "lr: r ’pk,r ’
- W, e Wi,k
r= agr ker agr
w? w,®

Figure 7.1 shows the structure of the neuro-fuzzy system described by
formula (7.18).

Larsen (product) relation
I(a,b)=a-b (7.19)

Putting function (7.19) directly into (7.16), we obtain a formula describing
a neuro-fuzzy system with the Larsen inference
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k=
k#r agr
5o w,* W, (7.20)
n (1, (%), o (1, (%)
N T v T p
ZS‘ i=l w’t R w’ or
e ir 4 ’,::‘ ik
W:gr w:gr

Figure 7.2 shows the structure of the neuro-fuzzy system described by
formula (7.20).

Bounded product relation
I(a,b)=max{0,a+b-1} (7.21)

Putting (7.21) directly into (7.16), we obtain a formula describing
a neuro-fuzzy inference system with the bounded product inference

> (T:: {#4‘,. (f' )’ W::r}w?gr ],
28
r=| S*{maX{ X; ) ”‘}+pkr - 0} W:gr

=1
#r
rsveie]
S
N
™ ZS:; {max{£| {#A, (xi ), Wik }+ Py, 1 0} agr}

k#

} (7.22)

X

Figure 7.3 shows the structure of the neuro-fuzzy system described by
formula (7.22).

Simplified Mamdani-type structures
The structures presented so far are quite complex and complicated. One
possibility of their simplification is to assume, that membership functions of
consequent fuzzy sets are sufficiently distant from each other, so that the
following assumption holds

f, (577 )=0 (7.23)

for k, r=1...N and k # r. Figure 7.4 shows examples of such fuzzy sets.



Fig. 7.1. Structure of the weighted neuro-fuzzy system with the Mamdani inference
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Fig. 7.2. Structure of the weighted neuro-fuzzy system with the Larsen inference
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Fig. 7.3. Structure of the weighted neuro-fuzzy system with the bounded product inference
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Fig. 7.4. Exemplary fuzzy sets satisfying assumption (7.23)

Combining assumption (7.23) with formula (7.13), we obtain the description
of simplified neuro-fuzzy systems based on “engineering implications”

N n
I T
- (7.24)

N =n
* T 5 1,08
Zl {UA‘, (‘xi )’ wi,r } Wr

r=l

Figure 7.5 shows the structure of a simplified neuro-fuzzy system described
by formula (7.24).

Fig. 7.5. Simplified structure of the weighted neuro-fuzzy system with a t-norm inference
(“engineering implication™)
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7.4. SIMULATION RESULTS

In this section we present four simulations of Mamdani-type
neuro-fuzzy systems. We use benchmarks described in Sections 3.6. Each of
the four simulations is designed in the same fashion:

(i) In the first experiment, based on the input-output data, we learn the
parameters of the membership functions.
(i) In the second experiment, we learn the parameters of the membership

functions and soft parameters a € [0,1], &’ € [01], e € [0,1] .

(iii) In the third experiment, we learn the parameters of the membership
functions and, moreover, the weights w/, € [01],i=1,....,n,

k=1,...,N, in the antecedents of rules and weights w’® € [0,1],
k=1,...,N, of the aggregation operator of rules. In all diagrams
(weights representation) we separate  w;, € [O,l] , i=1,...,n,
k=1,.,N, from w®e[0]1], k=1,..,N, by a vertical dashed line.

(iv) In the fourth experiment, we learn the parameters of the membership
functions, soft parameters &’ [0,1] , '€ [0,1] , e [0,1] , and the
weights w}, € [0,1] , i=1,...,n ,k=1,...,N ,in the antecedents of
rules and weights w;¥ € [01], k=1,...,N, of the aggregation operator
of rules.

The parameters and weights in experiments (i)-(iv) are determined by
gradient procedures presented in Section 5.8 (setting ¥ =0) or in Section 6.7
(setting A =0). In each simulation we apply two “engineering implications”
(t-norms) to connect antecedents and consequents: min (Mamdani) and
product (Larsen). In the case of the Mamdani connective the rules are
aggregated by the max t-conorm, in the case of the Larsen connective the
rules are aggregated by the algebraic t-conorm.
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Box and Jenkins Gas Furnace problem
The experimental results for the Box and Jenkins Gas Furnace problem are
depicted in Table 7.1. The final values (after learning) of weights w;, € [0.1]
and w* € [01],i=1,...6, k=1,...,4, are shown in Fig. 7.6. Assuming min
inference, in Fig. 7.6-a.1 and 7.6-a.2 we present the results of experiments

(iii) and (iv) in Table 7.1, respectively. Analogous results for the product
inference are given in Fig. 7.6-b.1 and 7.6-b.2.

Table 7.1 Experimental results

MAMDANI-TYPE NFIS
(BOX AND JENKINS GAS FURNACE PRQBLEM)
2
-1
— =1
B S 5
2. %5 22
E| =
= = g g .
5l & | 2 : . gl
gl s£ | ¢ § | Ry | & g Fg
= v E = = 29 B £ 8
&| EE = = &g £ 58
wloza | B = | <8 = <8
i : : - 04982 | 04912
o 1 09728 | 0.9834
ii d 1 09997 | 09618 | 0.4025 | 0.3989
oF | 09990 | 0.9925
T = -.a | Fi _
i | 1 |Fig.7.6alFir. 7.6b1 3499 | 03126
w' 1 Fig. 7.6-a | Fig. 7.6-b
o 1 09294 | 0.9582
d | 09336 | 09555
iv o 1 0.9508 | 09723 | 02533 | 02501
w' 1 Fig. 7.6-a | Fig. 7.6-b
we 1 Fig. 7.6-a | Fig. 7.6-b
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a.l) w' l w* a.2) w! | W
qP-
i
e

b.1) w' | we b.2) W' |y
i ~,
i T
i e

Fig. 7.6. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for Mamdani-type NFIS and a) min inference, b) product inference
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Glass Identification problem
The experimental results for the Glass Identification problem are depicted in
Table 7.2. The final values (after learning) of weights w; e [O,l] and
w¥el01],i=1,.9, k=1,.2, are shown in Fig. 7.7. Assuming min

inference, in Fig. 7.7-a.1 and 7.7-a.2 we present the results of experiments
(iii) and (iv) in Table 7.2, respectively. Analogous results for the product
inference are given in Fig. 7.7-b.1 and 7.7-b.2.

Table 7.2 Experimental results

MAMDANI-TYPE NFIS
{GLASS IDENTIFICATION PROBLEM)
g 2
g 2
& o T3
S = s 2 s &
F=s woBh a 2
m = o o=
= 2 2 o= = =0
" - ar S ‘E
2 & s 2 &3
E o £ W s = =&
E| 2
=l 2 g 8 8 3
e ] 5 S g
2| =3 = = 2w = 2o = Lo
E s > - g g & 832 & |2
£ o E = = Z 9 = £ = s 3
2| S8 2 - bHe £ X = 53
H| =& = = < 5 = < = = < 5
i B - - - 4.00 4.67 3.13 3.13
o 1 0.0713 | 0.0943
ii ad 1 0.9552 0.9355 333 4.00 3.13 3.13
o 1 0.0342 | 0.9522
T : E; = i
| @ 1 |Fig.7.7-a|Fig. 7.7-b| 4, 333 3.13 113
w'' 1 Fig. 7.7-a | Fig. 7.7-b
o 1 0.0748 | 0.0427
a 1 0.8636 0.9517
iv e 1 0.9294 | 0.9702 3.33 3.33 1.56 1.56
w’ 1 Fig. 7.7-a | Fig. 7.7-b
i 1 Fig. 7.7-a | Fig. 7.7-b
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al) w' I \\-“""3.2) w' I W'

o 1

n
e

i=1...9 |

Fig. 7.7. Weights representation in the Glass Identification problem
for Mamdani-type NFIS and a) min inference, b) product inference
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Modeling of Static Nonlinear Function (HANG) problem
The experimental results for the Modeling of the Static Nonlinear Function
problem are shown in Table 7.3. The final values (after learning) of weights
wi€[01] and w¥e[01], i=1,..,2,k=1,..,5, are depicted in Fig. 7.8.
Assuming min inference, in Fig. 7.8-a.1 and 7.8-a.2 we present the results of

experiments (iii) and (iv) in Table 7.3, respectively. Analogous results for the
product inference are given in Fig. 7.8-b.1 and 7.8-b.2.

Table 7.3 Experimental results

(MODELING OF STATIC NONLINEM{ FUﬂCTION PROBLEM)
2
P
e & ¢
EE o
24 o E
% -
= 2
. £g 52
= &
El 2
= 2 . 3 :
ELan E £ ; 5 ;
Bl =% E S g3 g L
= o E = E £5 E £5
&l EE £ E 83 E 83
m| z& & = ZE = =
i . e s ) 0.1258 | 0.1098
o 1 0.0316 | 0.9467
ii o 1 0.9737 | 09683 | 0.1205 | 0.6905
o 1 0.9724 | 0.9955
iii w’ ! Fig.7.8-a|Fig. 78-b| o 1050 | 00671
W 1 Fig. 7.8-a | Fig. 7.8-b
o I 0.0345 | 09764
d 1 0.9839 | 0.9292
v o 1 0.8885 | 0.9230 | 0.0964 | 0.0529
w’ 1 Fig. 7.8-a | Fig. 7.8-b
W 1 Fig. 7.8-a | Fig. 7.8-b
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a.l) w' | w' a.2) w' | w

b.1) w' | w b.2) w' | w'

Fig. 7.8. Weights representation in the HANG problem
for Mamdani-type NFIS and a) min inference, b) product inference
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w®elo1],i=1,.9, k = 1,...2, are depicted in Fig. 7.9. Assuming min

inference, in Fig. 7.9-a.1 and 7.9-a.2 we present the results of experiments
(iii) and (iv) in Table 7.4, respectively. Analogous results for the product

Wisconsin Breast Cancer problem

The experimental results for the Wisconsin Breast Cancer problem are shown
in Table 7.4. The final values (after learning) of weights w;, e [0,1] and

inference are given in Fig. 7.9-b.1 and 7.9-b.2.

Table 7.4 Experimental results

MAMDANI-TYPE NFIS
(WISCONSIN BREAST CANCER PROBLEM)

? —
g g
o =5 =
gz 2% s &
el iz e
- T = = wn B
g2 25 23
5 . 5 == ==
E| £
=l 2 < g : 2
bt o —. = ﬁ
S| =5 = = 2 e = g » £ 2
E| 5% s S z 8 < g g £ g2
= « E = = .‘E 7 £ o Z =
& EC kS £ %3 = %8 I &8
m| =85 = = <8 = <= = s
i i = . 3.14 2.51 2.44 2.44
o 1 0.1714 | 0.1354
ii o 1 0.9888 | 0.8677 3.14 251 1.95 1.95
o 1 0.1867 | 0.8903
i " b [t BecliSg aom ¢ o | g8 | Gk
W 1 Fig. 7.9-a | Fig. 7.9-b
o 1 09185 | 0.8447
o 1 0.9140 | 09238
v a* 1 0.8346 | 0.8737 2.93 230 1.46 1.46
w 1 Fig. 7.9-a | Fig. 7.9-b
w' 1 Fig. 7.9-a | Fig. 7.9-b




182 Flexible Neuro-Fuzzy Systems

a,I) w' | w¥a.2) w' ] w'H

b.1)

=19 |

Fig. 7.9. Weights representation in the Wisconsin Breast Cancer problem
for Mamdani-type NFIS and a) min inference, b) product inference
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7.5. SUMMARY AND DISCUSSION

In this chapter we derived various weighted neuro-fuzzy structures
based on the Mamdani inference. We have also obtained a simplified
neuro-fuzzy structure assuming that membership functions of consequent
fuzzy sets are sufficiently distant from each other. From simulations in
Section 7.4 it follows that the incorporation of weights leads to a better
performance of fuzzy systems than the incorporation of soft parameters.
Their combination, i.e. weights+soft parameters, gives the best performance
of Mamdani-type neuro-fuzzy systems.

7.6. PROBLEMS

Problem 7.1. Replace defuzzifier (3.23) by
N ] -
, “Hyr (y )
r=l

;ﬂﬁr (})

and derive the Mamdani-type system based on the Larsen relation.

N

y= (7.25)

Problem 7.2. Generalize solution of Problem 7.1 using at-norm as an
“engineering implication”.

Problem 7.3. Show that defuzzifiers (3.23) and (7.25) lead to the same
description of the Mamdani-type system provided that assumption (7.23)
holds.

Problem 7.4. Incorporate weights to a fuzzy system derived in Problem 7.2
and compare the result with formula (7.24).

Problem 7.5. Incorporate softness to a fuzzy system derived in Problem 7.2.

Problem 7.6. Prove that under certain conditions fuzzy systems described by
formulas (3.23), (3.49) and (7.25) are functionally equivalent.
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Chapter 8

FLEXIBLE LOGICAL-TYPE NEURO-FUZZY
SYSTEMS

8.1. INTRODUCTION

Flexible logical-type neuro-fuzzy systems can be derived from the
OR-type systems (Chapter 5) or the AND-type systems (Chapter 6) setting
v=0 or A=0, respectively. However, in this way we get the logical-type
system described by an S-implication only. In this chapter we do not want to
restrict the design process to an S-implication. We admit other fuzzy
implications listed in Table 2.1. Moreover, we will reveal the connectionist
nature of logical-type systems; each structure will reflect the actual fuzzy
implication used in the design process.

8.2. PROBLEM DESCRIPTION

It is easily seen that logical-type systems can be expressed in terms of
an H function:

t(®)=Hlu, &)1 (7,) 0) ®.1)
1,5 5)= H ¥, (0, &) 2, 57) ) (8.2)
age. (5.5 )= {1, & 7)o 1, & 7) 0) 83)

The above description is applicable to systems with an S-implication only,
and it does not reflect the functional form of the fuzzy implication used for
the antecedent-consequent connection. Therefore our problem is to design
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a neuro-fuzzy system realizing a mapping f:X —Y such that the fuzzy

inference is described by the fuzzy implication and the structure of the
system explicitly depends on the functional form of that fuzzy implication.

Moreover, we will incorporate certainty weights to the aggregation of rules
and to the connectives of antecedents. In simulations we also study
logical-type systems with soft triangular norms.

8.3. NEURO-FUZZY STRUCTURES

In the logical-type model, the aggregation is carried out according to
formulas (3.20) and (3.21). The weighted aggregation is given by

N
Hp (y) = {:l {ﬂgk (Y)’ we } (8.4)
agr

where w,* is the weight of the k -th rule.

Similarly to the Mamdani approach, to design a neuro-fuzzy system with
a weighted aggregation we use the defuzzification method described by
(3.23). Combining (8.4) and (7.6) with (3.14) and (3.23), we obtain the
following description of the system

N N n
7 g o )i

i=

St ) o]

i=l i

(8.5)

y=

The first group of implications used in the logical approach belongs to the
so-called S-implications given by

I(a,b)=S{l-a,b} (8.6)
where S is a t-conorm. The binary, Lukasiewicz, Reichenbach and Fodor
implications (see Table 2.1) belong to this group. Assuming that fuzzy sets
B* are normal, see condition (7.10), and using the boundary condition of
triangular norms S{a,1}=1, from (8.6) and (3.14) we obtain

tp (7)=1 @®.7)
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Hence, formula (8.4) for y = " takes the following form

ur57)-T %wv&w %J»?%

(8.8)
=7 {1l )y 57 i)
k#:
Consequently, formula (8.5) becomes
N ] N n
Z{y' Z;:{I[T::{#A‘ (fi)awif,k}’ﬂgk( )j WZ"”}
y:- r= . Nkaer : (8.9)
Z,?::{I[EI{UA‘( ) ;k}ﬂg‘( )j Wzg'}
=l oy
or
N N "
Zy' Z::{[(Eg {'UA,‘ (il )’ W k}pk r ]’ wl:gr}
5= "='N L (8.10)
Srl(rh o, )
r=l

with notation (7.14).

Binary implication
I{a,b)= max{l - a,b} (8.11)

Putting function (8.11) into (8.10), we obtain a formula describing the
neuro-fuzzy system with the binary inference

R A OTA PR

k#r

N N n
ZT?{max{l—Z{uA’, (x ) w }pk ,}, W:gr}

k=
r=l gy

(8.12)

y=
Figure 8.1 depicts the structure of the neuro-fuzzy system described by

formula (8.12).

Lukasiewicz implication
I{a,b)=min{l,l - a + b} (8.13)
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Inserting function (8.13) directly into (8.10), we obtain a formula describing
the neuro-fuzzy system with the f.ukasiewicz inference

N N .
Z}_)r'kT::{mm{l’l_z:{uA’k( X; ;k}+pk,}, agr}
(8.1

- =1 k#r

YETR N n
ZTI{min{l,l—iT:'l‘{uAf(. :k}+pk,}, agr}

k=
r=l gy

4)

Figure 8.2 depicts the structure of the neuro-fuzzy system described by
formula (8.14).

Reichenbach implication
Ha,b)=1-a+a-b (8.15)

Putting function (8.15) directly into (8.10), we obtain a formula describing
the neuro-fuzzy system with the probabilistic inference

Zﬁ' T{l T4, (8)w; }pk,,w:”}
y=" n
Srl-fl G 7o)

Figure 8.3 depicts the structure of the neuro-fuzzy system described by
formula (8.16).

(8.16)

Fodor implication
I(a,b) 1 if a<b (8.17)
a,b)= ) .
max{l—a,b} if a>b

Inserting function (8.17) directly into (8.10), we obtain a formula describing
the neuro-fuzzy system with the Fodor inference

=T () )

N N
—p * agr
zy' 'Z:] max Piys Wy
r=i k#r n <
{5 ) wr,
_ L (B W [P, (8.18)
y_ n
l‘Tl{ﬂAk(xilWif,k}
N N = !
STimad  py.
r=l k;r

' 1{u _i !k}*pkr
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where

i <
gip=il Hoas<h (8.19)
0 if a>b

Figure 8.4 depicts the structure of the neuro-fuzzy system described by
formula (8.18).

We will now show that the Zadeh and Willmott implications
(see Table 2.1) lead to the same general description of corresponding
neuro-fuzzy systems. In this case assumption (7.10) regarding the normality
of fuzzy sets B* implies

15, (7 )= max{p , G)1 - e, (X)) (8.20)

Therefore, formula (8.4) for y =" can be rewritten as follows

| (max{u X -p, (’_‘)}, wE )’
)=t 7 {1, @ity 57 i

k#l

Combining formulas (8.21) and (7.6) with (3.23) we get the following
general description of the neuro-fuzzy system based on the Zadeh and
Willmott fuzzv implications
. . )
{*{;[A,." (xi),wifr},

ithu l‘f*{“Ai'(ff)’wz’}
r=l

(8.21)

v

(8.22)

<
Hl

r " W

1M
!
=
l
i
T
S
—
=i
:—/
=
< hal
e




Fig. 8.1. Structure of the weighted neuro-fuzzy system with the binary implication
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Fig. 8.2. Structure of the weighted neuro-fuzzy system with the Lukasiewicz implication
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Fig. 8.3. Structure of the weighted neuro-fuzzy system with the Reichenbach implication
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Fig. 8.4. Structure of the weighted neuro-fuzzy system with the Fodor implication
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Using notation (7.14), formula (8.22) can be rewritten in the form

n
]’: {'UA[ (x,),w’

> iy

}

M=
~
~

‘
kR

N n
Z: {I[],: {UA,." ()?f )’ W::k } Prir )’ WZ‘”}

-7, )|

<
]

®

ST

r=l

A concrete form

(b

i=

implication I(a,b). We will consider two cases.

M=
<
5

Zadeh implication
I{a,b) = max{min{a,b}1 - a}

Putting function (8.24) directly into (8.23), we obtain a formula describing
the neuro-fuzzy system with min inference

minf -4 5 o |

N i=l
* = ag|
T4 max w.
k=1 Pk
= n
k#r * - T
B I_Ji._‘__]{u,q‘*(xi)’wi,k}
= n
* = T
7__‘_1 {UA!' ('xi )’ W‘ r}
maxy , Wi
n r ’
» = T
N J I_Z‘:]{UA;.(X‘),W”,}
2T
r=l . T"’*{IJ (_ ) T }
N min i1 At xi g wi,lt plc,r ]
M = i
Z’_ max W
k#

(8.23)

of (8.23) depends on the functional form of fuzzy

(8.24)

(8.25)
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Figure 8.5 depicts the structure of the neuro-fuzzy system described by
formula (8.25).

Willmott implication
I(a,b)= min{max{l - a,b},max{a,l - 5, min{b,1 - a }}} (8.26)

Inserting function (8.26) directly into (8.23), we obtain a formula describing
the neuro-fuzzy system with the Willmott inference

f [max{ﬂ,,, (x)1- i] {,LIA‘, (%), w;, }}, O J, \
max{l - i: {”A; (x), Wik } Py, }, |

M=
N
~

n
N
=1 * - r L~
’ T'J min< {;l {UA,." (xi )’ Wik }pk,r o wE
k=1
k#r max pk’,- ,
min n
* — T
1- 7;[ {/‘A; (%, )W, }

<l
I

(8.27)

i=

max{l - 7:':{/4,4: (x,),wr, }pk,,. },

i=l

2T, :

=1 s * ¥ T Y

’ T"{ min; T {UA,-" (xi),wi_,‘}p,‘_,,, WE
k=1

k#r max pk,r ,

min 1- i; {UA‘: ()_Ci )’ Wif,k }

\ . ~ J )

Figure 8.6 depicts the structure of the neuro-fuzzy system described by
formula (8.27).

We will now consider neuro-fuzzy systems based on the Goguen,
Rescher, Godel and Yager fuzzy implications given in Table 2.1. It is easily
seen that for these implications equation (8.7) is true and consequently
corresponding to them neuro-fuzzy systems are described by formula (8.10).
A concrete form of that formula depends on the fuzzy implication.



Fig. 8.5. Structure of the weighted neuro-fuzzy system with the Zadeh implication
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Fig. 8.6. Structure of the weighted neuro-fuzzy system with the Willmott implication
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Goguen implication

. b| .
[(a,b) - mln{l,;} if a>0 (8.28)
1 if a=0

Assuming that ¢ >0 and putting function (8.28) into (8.10), we obtain
a formula describing the neuro-fuzzy system with the Goguen implication

(8.29)

Figure 8.7 depicts the structure of the neuro-fuzzy system described by
formula (8.29).

Rescher implication
1 if a<gb
Ha,b)= 8.30
( ) {0 if a>b (8.30)
Using (8.19) formula (8.30) can be rewritten in the form
s
I{a,b)=ax*b (8.31)

Inserting function (8.31) directly into (8.10), we obtain a formula describing
the neuro-fuzzy system with the Rescher implication.

N N n
j}.r ’ Z'_:{]‘: {fu,qf ()—Ci )’ WiT.k Fpk,r ’ Wzgr}
!

N N n <
ZT*{J;:‘ {UA,“ (z, )9 w:,k }*pk,r ’W:gr}

Figure 8.8 depicts the structure of the neuro-fuzzy system described by
formula (8.32).

(8.32)

Godel implication

1 if a<gb
Ia,b)= 8.33
(@) {b it a>b (839
Putting function (8.33) directly into (8.10) and using (8.19), we obtain
a formula describing the neuro-fuzzy system with the Godel implication
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N N n <
Zyr ' kT {mln{l’ (T* {/JA,‘ (fl )5 Wif.k }*pk,r j + pk,r }9 W:gr}
k (8.34)

i=l

N N n
ZTI mln{la(]:{/‘[,ql' (xi)’wir.k}ipk,rJ+pk,r}’wzgr}

!

Figure 8.9 depicts the structure of the neuro-fuzzy system described by
formula (8.34).

Yager implication

b if 0
I(a,b)={1 :f Zio (8.35)

Inserting function (8.35) directly into (8.10), we obtain a formula describing
the neuro-fuzzy system with the Yager implication

S g fp, Ebatid

r=1 k#r
NN {
* T iu ;(f.-).wi‘.k} agr
ZT {pk,r':l 4 ’Wk
k=1
k#r

Figure 8.10 depicts the structure of the neuro-fuzzy system described by
formula (8.36).

(8.36)

Simplified structures
Similarly to the Mamdani approach, it is also possible to propose
a simplification of aforementioned structures in case of the logical approach.
Observe that under assumption (7.23), equation (8.6) takes the form

1(a,0) = §{1-a,0}

(8.37)
=l-a
which boils down formula (8.10) to
N N n
2y {a{l_ﬁl{/‘m (fi)’w:k}wzg'}
y= ”'N Nk*r (8.38)
SOl e
r=lker

In this way we have obtained a neuro-fuzzy system description which
employs connectives being S-implications. Figure 8.11 depicts the structure
of the neuro-fuzzy system described by formula (8.38).



Fig. 8.7. Structure of the weighted neuro-fuzzy system with the Goguen implication

00T

SWaISAS K22N,]-04N2N 2]q1X3]]



Fig. 8.8. Structure of the weighted neuro-fuzzy system with the Rescher implication

Swais§ £22n,J-04napN adq1-jpo1307 2]q1xa] ]
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9. Structure of the weighted neuro-fuzzy system with the Godel implication

ig. 8.
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Fig. 8.10. Structure of the weighted neuro-fuzzy system with the Yager implication
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In case of the Zadeh and Willmott implications, assumption (7.23) also leads
to equation (8.37). Therefore, formula (8.23) takes the form
N

[max{i: {uA;' (’—‘i )» Wy, }1 - i; {UA," (fi ), W, }}’ wE }
y 1" :
=l - {1 - T;: {,UA'_* (J?i )’ W;'T,k } W/:gr}
k#r

(max{lii’: {# p (x,), w;, }1 - Ti": 1 {;t y (%), wy, }}, W ],
2T .
= i"l{l—T'{uAf (J?i),wzk},w,fg'}

i=l
k#r

~ =

(8.39)

=
]

for the Zadeh and Willmot implications. Figure 8.12 depicts the structure of
the neuro-fuzzy system described by formula (8.39).

In case of the Goguen, Rescher, Godel and Yager fuzzy implications,
assumption (7.23) reduces their functional forms to the following

0 if a>0
I{a,0)= 8.40
( ) {1 if a=0 (8:40)

which is convenient to write down as

1(a,0)=a*0 (8.41)

where symbol * means binary operator defined by
gl oa=b (8.42)

0 if a#b

Finally, using (8.10) and the above notation we get

>y T {T o, (5, w,-’,k}:o,w:g'}
y= L -
i]ﬁv*{lr{,u# (Ei),wik}*o,w,‘:g’}

which is a description of the neuro-fuzzy system based on the Goguen,
Rescher, Godel and Yager fuzzy implications. Figure 8.13 depicts the
structure of the neuro-fuzzy system described by formula (8.43).

(8.43)




Fig. 8.11. Structure of the weighted neuro-fuzzy system with binary, Lukasiewicz, Reichenbach or the Fodor implication

Swais§ £22n,J-04napN adq1-jpo1307 2]q1xa] ]

¢0c



Fig. 8.12. Structure of the weighted neuro-fuzzy system with Zadeh or the Willmott implication

90¢

Su2ISKS £22Nn,]-04naN 2]1qIXa]]
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Rescher, Godel or Yager implications

>

Fig. 8.13. Structure of the weighted neuro-fuzzy system with the Goguen
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8.4. SIMULATION RESULTS

In this section we present four simulations of logical-type neuro-fuzzy
systems. We use benchmarks described in Sections 3.6. Each of the four
simulations is designed in the same fashion:

(i)  In the first experiment, based on the input-output data, we learn the
parameters of the membership functions.

(i) In the second experiment, we learn the parameters of the membership
functions, and soft parameters o € [0,1], a’ € [01], &® € [0,]] .

(iii) In the third experiment, we learn the parameters of the membership
functions and, moreover, the weights w;, € [0,1] , i=1,..,n,
k=1,...,N, in the antecedents of rules and weights w;* € [01],
k=1,...,N, of the aggregation operator of the rules. In all diagrams
(weights representation) we separate  w;, € [0,1] , i=1..,n,
k=1,.,N,from w¥e[01], k=1,.,N, by a vertical dashed line.

(iv) In the fourth experiment, we learn the parameters of the membership
functions, soft parameters " e [0,1], &’ €[0,1], a® e[0]1], and the
weights w}, € [0,1] , i=1,..,n,k=1,...,N, in the antecedents of

agr

rules and weights w,* € [0,1] , k=1,...,N, of the aggregation operator

of the rules.

In each simulation we apply six fuzzy implications to connect antecedents

and consequents:

a) two S-implications: Kleene-Dienes and Reichenbach;

b) two R-implications: Godel and Goguen;

c) two Q-implications: Zadeh and Q-algebraic given by (2.89) with min
and algebraic t-norms, respectively.

In the case of the Kleene-Dienes, Godel and Zadeh implications the rules are

aggregated by the min t-norm, in the case of the Reichenbach, Goguen and

Q-algebraic implications the rules are aggregated by the algebraic t-norm.

The parameters and weights in experiments (i)-(iv) based on S-implications
are determined by gradient procedures presented in Section 5.8 (setting
v=1) or in Section 6.7 (setting A =1). In case of the R-implications and the
Q-implications a slight modification of those procedures is required
(see Problem 8.7). Moreover, in case of the R-implications the softness idea
is incorporated heuristically as a combination (controlled by parameter ')
of the Goguen or Godel fuzzy implications with the average of arguments
1 — a and b of the Kleene-Dienes implication.
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Box and Jenkins Gas Furnace problem
The experimental results for the Box and Jenkins Gas Furnace problem are
depicted in Tables 8.1, 8.2, and 8.3 for the S, R, and Q fuzzy implications,
respectively. The final values (after learning) of weights w;, e [0,1] and
wi e [0,1] si=1,...,6 ,k=1,....4, are shown in Fig. 8.14, 8.15, and 8.16 for
the S, R, and Q fuzzy implications, respectively. Assuming the
Kleene-Dienes implication, in Fig. 8.14-a.1 and 8.14-a.2 we present the
results of experiments (iii) and (iv) in Table 8.1, respectively. Analogous
results for the Reichenbach inference are given in Fig. 8.14-b.1 and 8.14-b.2.

In Fig. 8.15 and Table 8.2 and Fig. 8.16 and Table 8.3 we show simulation
results for the R and Q implications, respectively.

Table 8.1 Experimental results

LOGICAL-TYPE NFIS WITH S-IMPLICATIONS
(BOX AND JENKINS GAS FURNACE PROBLEM)
i
-
2
g £ g
s E 5
iy =
sk uEa E
= &
5 il 2
2 z
E =
= w o
= = a8 < o
Ei 8.0 3 | 38 58 | 38 S
Bl =% g ol £ | B% E 3
= s E - 22 2 2 g g 22
&| EE = $E | 25 | §8 | 2=
2| z2& 8 % E « E X E x E
i - - - 0.6352 0.6188
o 1 0.9326 0.0908
i d 1 0.9467 0.9006 0.5912 0.5725
& 1 0.9836 0.9610
= - ;
i w 1 ng, 8.14-a F!g. 8.14-b 03594 03352
wE 1 Fig. 8.14-a|Fig. 8.14-b
@ 1 0.1082 0.9858
o 1 0.9772 0.9815
v aF 1 0.8746 0.9288 0.3328 0.3254
w' 1 Fig. 8.14-alFig. 8.14-b
W 1 |Fig. 8.14-a[Fig. 8.14-b
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a.l)

b.1) W' | we b.2) W

Fig. 8.14. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for logical-type NFIS and a) Kleene-Dienes S-implication, b) Reichenbach
S-implication
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Table 8.2 Experimental results

LOGICAL-TYPE NFIS WITH R-IMPLICATION
(BOX AND JENKINS GAS FURNACE PROBLEM)

g
=
Bh g
w = =
2E 4
- oo =
> w =
i5 -
5 % 28
= z
E =
Lo 2
g S = g g g s
E =i B - s = 5
= v E = 52 e =5 2 8.2
8| ES £ =5 28 | 2a &'s
= z & = S E QO E Qo E o E
i = 3 3.6130 | 3.2330
a 1 0.0378 | 0.0519
ii d 1 0.9012 | 09775 | 3.3210 | 3.2290
o 1 0.9627 | 0.9481
w' 1 Fig. 8.15-a[Fig. 8.15-b
i 3.2290 | 3.0990
Tl e 1 |Fig. 8.15-alFig. 8.15-b
o 1 0.1388 | 0.0299
o 1 0.9275 | 0.9639
iv o 1 0.0587 | 009493 | 2.7850 | 1.0990
w' 1 Fig. 8.15-a[Fig. 8.15-b
wE 1 Fig. 8.15-alFig. 8.15-b
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3-1) w' | wh a,2)

v—

I_I..

e

i=1...,6 | |

b.l) W 1 W b.2) W | W

b A b

0 n

e =

Fig. 8.15. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for logical-type NFIS and a) Godel R-implication, by Goguen R-implication
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Table 8.3 Experimental results

LOGICAL-TYPE NFIS WITH Q;IbiiiibAﬁON
(BOX AND JENKINS GAS FURNACE PROBLEM)

)
=
3
Bl
2 B g
g = ;xn
" : =
» R
5 o = 5 =
E| =
| £ @ = 5
- @ Y .
s B gL 5
E = % = =8 £ = = 8 £ =
= = D 1= oo e = &g
&| EE k= 5F 5o Z RE B0 =
sl A g N E <& N E =0
; . . . 4 1.1800 | 2.8035
o 1 0.9382 | 0.0065
ii o | 09526 | 09529 | 09501 | 0.8754
b 1 0.0952 | 0.9706
gl ™ 1 [Fig. 8.16-afFig. 8.16-bf g1 | ¢g253
W 1 |Fig. 8.16-aFig. 8.16-b
o I 0.9873 | 0.0553
ad 1 0.9805 | 0.9521
iv a 1 0.9465 | 09332 | 0.7585 | 03250
W' 1 [Fig 8.16-afFig. 8.16-b
W 1 |Fig. 8.16-a[Fig. 8.16-b
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a.l) w | W a2)

b.1) W | we b.2) W |

Fig. 8.16. Weights representation in the Modeling of Box and Jenkins Gas Furnace
problem for logical-type NFIS and a) Zadeh Q-implication, b) algebraic Q-implication
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Glass Identification problem
The experimental results for the Glass Identification problem are depicted in
Tables 8.4, 8.5, and 8.6 for the S, R, and Q fuzzy implications, respectively.

The final values (after learning) of weights w;, € [01] and w¥elo]],

i=1,..9,k=1,..,2, are shown in Fig. 8.17, 8.18, and 8.19 for the S, R,
and Q fuzzy implications, respectively. Assuming the Kleene-Dienes
implication, in Fig. 8.17-a.1 and 8.17-a.2 we present the results of
experiments (iii) and (iv) in Table 8.4, respectively. Analogous results for the
Reichenbach inference are given in Fig. 8.17-b.1 and 8.17-b.2. In Fig. 8.18
and Table 8.5 and Fig. 8.19 and Table 8.6 we illustrate simulation results for
the R and Q implications, respectively.

Table 8.4 Experimental results

LOGICAL-TYPE NFIS WITH S-IMPLICATIONS
(GLASS IDENTIFICATION PROBLEM)
5 g
$ g
5 —_ —_—
2 E 28 S 2
2 E Tl S
i Z s z%
_E & ol it o) ==
£ | £
= 2 ] 2 S
= é . E S e é - S e § o 5 e E =
Pl ee | 4 (88 2= | 23 23 | A3 | 23
£l GE Z B BRI 68 | B8 | g8 38
@ 2 ] i ! ] == o = =
= EZ b= 25 28 £a 28 25 28
gl Z8& 5 Z E B 2 E x E ¥ E x E
i " = 3.33 3.33 313 3.13
o 1 0.0298 | 0.0060
ii a 1 0.9641 0.9520 2,67 3.33 3.13 1.56
o 1 0.9783 | 0.9769
iii v T U G BET 333 1.56 1.56
wE 1 Fig. 8.17-alFig. 8.17-b
o I 0.0660 | 0.0545
d 1 09722 | 0.9471
iv av 1 0.9808 | 0.9842 2.00 2.67 1.56 1.56
w' 1 Fig. 8.17-a[Fig. 8.17-b
W 1 Fig. 8.17-alFig. 8.17-b




216 Flexible Neuro-Fuzzy Systems

a.l) w' | w'a.2) w’ | ww

Lot

N

e

i

b.1) W I web.2) w! [ e

N-

L

3

Fig. 8.17. Weights representation in the Glass Identification problem
for logical-type NFIS and a) Kleene-Dienes S-implication, b) Reichenbach S-implication
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Table 8.5 Experimental results

217

LOGICAL-TYPE NFIS WITH R-IMPLICATION
(GLASS IDENTIFICATION PROBLEM)

2 >
5 2
g & Te g E
s E = -4 =g
53 < E z
e o s .=
28 Z3 23
E : == = =
£ | 2
e G g
£ =5 2 g £ £ & £ g
21 =3 g % 55 % 5% = 8
g 2 E = T2 2.2 T2 2.3 5= R
gl E8 £ - 23 | 2% @5 | 22 &3
i L | G E G E o E SE G E G E
i , ; ; : 2867 | 2067 | 3281 | 2813
o ] 0.0563 | 0.9999
ii d | 09733 | 09414 | 2333 8.67 25.00 7.81
= | 0.9767 | 0.0041
w' 1 |Fig. 8.18-aFig. 8.18-b
2333 7.99 25.00 6.25
e 1 |Fig. 8.18-a[Fig. 8.18-5
o 1 0.0060 | 0.0898
d 1 0.9850 | 0.8903
iv o ! 09335 | 09672 | 11.33 6.00 14.06 6.25
w' 1 Fig. 8.18-a[Fig. 8.18-b
W 1 |Fig. 8.18-a[Fig. 8.18-b
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a.l) w' | w¥a.2) w' I o

b.1) W' I web.2)

i=1,...9 | i=1,..9 |

Fig. 8.18. Weights representation in the Glass Identification problem
for logical-type NFIS and a) Godel R-implication, b) Goguen R-implication
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Table 8.6 Experimental results

219

LOGICAL-TYPE NFIS WITH Q-IMPLICATION
(GLASS IDENTIFICATION PROBLEM)

z -
< 2
= T vy
] ] N
=z £ = =
g8 <2 z
T i %
5 ] == =L
= z
E =
g = z = =
= g g - 2 = £ & £
E| % 5 2 o8 2 28 2 e 8
E e g = s = - g = = a =
= o B - = 2 - B =2 = &g 5 &
=] EE| £ | 98 | BE | 2B | BE | 2% | &%
el zZa = N E o N E o N E 2o
i . . . . 23.33 7.3 25.00 9.38
o 1 0.0780 | 09978
ii o 1 0.9066 | 09183 5.33 6.67 6.25 7.81
o 1 0.9528 | 0.9694
ml » 1 Pealale el g 533 4.69 6.25
Wi 1 Fig. 8.19-aFig. 8.19-b
o 1 0.0832 | 0.0063
o 1 0.9845 | 0.9094
iv ar 1 0.9689 | 0.9643 333 4.00 313 4.69
w 1 Fig. 8.19-a|Fig. 8.19-b
W 1 |Fig. 8.19-afFig. 8.19-b
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I w“”'a.Z)

b.1) w' | web.2)

Fig. 8.19. Weights representation in the Glass Identification problem
for logical-type NFIS and a) Zadeh Q-implication, b) algebraic Q-implication
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Modeling of Static Nonlinear Function (HANG) problem

The experimental results for the Modeling of the Static Nonlinear Function
problem are shown in Tables 8.7, 8.8, and 89 for the S, R, and Q fuzzy
implications, respectively. The final values (after learning) of weights
wioel0l] and wFe01], i=1,..2,k=1,....5, are depicted in Fig. 8.20,
8.21, and 8.22 for the S, R, and Q fuzzy implications, respectively. Assuming
the Kleene-Dienes implication, in Fig. 8.20-a.1 and 8.20-a.2 we present the
results of experiments (iii) and (iv) in Table 8.7, respectively. Analogous
results for the Reichenbach inference are given in Fig. 8.20-b.1 and 8.20-b.2.
In Fig. 8.21 and Table 8.8 and Fig. 8.22 and Table 8.9 we illustrate
simulation results for the R and Q implications, respectively.

Table 8.7 Experimental results

LOGICAL-TYPE NFIS WITH S-IMPLICATIONS
{MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)
3
=
]
g E =
2E %
23 g
g5 = 5
5 =% 22
= Z
E| =
= = o H} i ] a
EL = E Er 3w [ife e
Bl B¢ s mE R Ts R
i @ E = 2 3 s 3 25 s g
2| E¢ £ P ke dE | A%
g 28 | 2 SE | BE | BE | 2
i 0.1516 0.1205
o 1 0.1165 0.0418
B o 1 0.9207 0.8546 0.1459 0.1081
& 1 0.9060 0.8663
i w' 1 Fig. 8.20-a|Fig. 8.20-b 01312 01123
w 1 Fig. 8§.20-a Fia. 8.20-b
o 1 0.0647 0.1280
o 1 0.9063 0.8749
v o 1 0.9577 0.9809 0.1296 0.0983
w' 1 Fig. 8.20-alFig. 8.20-b
W 1 Fig. 8.20-a/Fig. 8.20-b
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a.l) w' 1 W a.2) w' | W
I.I'\" V‘)—
n N
g e
i=l,...,2 | i=1,..,2 1
b.1) W' | w  b.2) W | W

i=1,....2 ]

Fig. 8.20. Weights representation in the HANG problem
for logical-type NFIS and a) Kleene-Dienes S-implication, b) Reichenbach S-implication
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Table 8.8 Experimental results

LOGICAL-TYPE NFIS WITH R-IMPLICATION

(MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)

E
=
3
2D
g & g
— -
c mE
g < £
5 =% %<&
E| £
| & b
E g 1 = = = =
el 5§ | 3 e S
ot B o o o o > o
e BEECE E - s 2 o 8.2
a Eg® k=) =g e == i
=i z 8 = O E R o E o E
i - - 0.5627 1.0540
o I 0.0220 | 0.1296
i o 1 0.8811 0.9506 0.3074 1.0340
o 1 0.9053 | 0.0142
iii w 1 g Salafig 821N 5440 | 19130
w' 1 Fig. 8.21-alFig. 8.21-b
o 1 0.0039 | 0.9721
ad 1 0.9282 0.9398
iv v 1 0.8606 0.9586 0.2062 0.0948
w' 1 Fig. 8.21-alFig. 8.21-b
W 1 Fig. 8.21-alFig. 8.21-b
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82} w' I w

b.1) w I we b2) W | I

e | i=l,....2 |

Fig. 8.21. Weights representation in the HANG problem
for logical-type NFIS and a) Gédel R-implication, b) Goguen R-implication
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Table 8.9 Experimental results

LOGICAL-TYPE NFIS WITH Q-IMPLICATION

(MODELING OF STATIC NONLINEAR FUNCTION PROBLEM)

)
5
-
g2 g
2E B
? g‘ : ) 'E
L - D
g > s St
= = = B =
= b 2 = £ = £
s lEs 2 El o8 £ 2F
Ergfl = def E2l o8] IS
2| 5| F | 82| 2B | 25 | i
2| =& £ N E =N QE 2o
i . . . 1.0660 | 0.7355
o 1 0.1384 | 0.9436
i d 1 09551 | 09264 | 1.0330 | 03361
o 1 00879 | 09857
| w T |Fig 8.22-aFig. 8.22-0
0.7553 | 0.1617
e 1 |Fig. 8.22-alFig. 8.22-b
@ 1 09286 | 0.0393
o 1 0.9635 | 0.9799
iv | o 1 08950 | 09817 | 0.5396 | 0.0989
w’ 1 [|Fig. 8.22-afFig. 8.22-b
W 1 |Fig. 8.22-afFig. 8.22-
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a.l) w' | w®  b.l) w' | wY

b.1) W I we  b2) W' Iy

Fig. 8.22. Weights representation in the HANG problem
for logical-type NFIS and a) Zadeh Q-implication, b) algebraic Q-implication
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Wisconsin Breast Cancer problem

The experimental results for the Wisconsin Breast Cancer problem are shown
in Tables 8.10, 8.11, and 8.12 for the S, R, and Q fuzzy implications,
respectively. The final values (after learning) of weights w/, e [0,1] and
w#el0l], i=1,..9,k=1,...2,are depicted in Fig. 8.23, 8.24, and 8.25
for the S, R, and Q fuzzy implications, respectively. Assuming the
Kleene-Dienes implication, in Fig. 8.23-a.1 and 8.23-a.2 we present the
results of experiments (iii) and (iv) in Table 8.10, respectively. Analogous
results for the Reichenbach inference are given in Fig. 8.23-b.1 and 8.23-b.2.

In Fig. 824 and Table 8.11 and Fig. 8.25 and Table 8.12 we depict
simulation results for the R and Q implications, respectively.

Table 8.10 Experimental results

LOGICAL-TYPE NFIS WITH S-IMPLICATIONS
(WISCONSIN BREAST CANCER PROBLEM)
T &
[-F]
e
w B \—3\ = E =
£E = >3
g3 25 2w
Y g E 3 -
o ¥ 2 2 2
o - = =< =
=
= 2 z 2 g
@ = H = = ] = = =
- s v = 4 @ S = i = Ea & E=
5 o E = g 2 28 2= 22 g2 28
2| ES | £ | 83| 85| 25| 25| 2% | 3%
SF =2 2 % E & E 2 E x E 2 E = E
i - . . 2.93 2.51 1.95 1.95
o 1 0.0177 | 0.0384
i o 1 0.9819 | 0.9380 2.51 2.09 1.95 1.46
o 1 0.9773 | 09541
T i - i -
i | ™ 1 P dDaFig BBY 555 | 345 1.46 1.46
W 1 Fig. 8.23-alFig. 8.23-b
o 1 0.0147 | 0.0197
o 1 0.9963 | 0.9439
iv o 1 0.9489 | 0.9456 2.09 1.88 1.46 1.46
w' 1 Fig. 8.23-a[Fig. 8.23-b
W 1 Fig. 8.23-a/Fig. 8.23-b
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a.l) w | wea.2) w' | we

b.1)

Fig. 8.23. Weights representation in the Wisconsin Breast Cancer problem
for logical-type NFIS and a) Kleene-Dienes S-implication, b) Reichenbach S-implication



Flexible Logical-type Neuro-Fuzzy Systems

Table 8.11 Experimental results

229

LOGICAL-TYPE NFIS WITH R-IMPLICATION
(WISCONSIN BREAST CANCER PROBLEM)

2 -
s 2
3 Tz =i
¢z =3 = z
- 22 3
> 2 == = 20
i 2 E 3 B
] 2 a 2 o
5 - =& =
=2 &
= =
E] =2 -
Blds) 2L 8 B 24 £ £ &
E| s ’g S = =5 2 5 = 5
= 2 = o ge =& z e =2 2.2
2| EE b= =B B2 | BE & E S5 B
41 #2 E CE | OE | GE | GE | GE | GE
i - . - 7.74 7.74 439 4.39
o 1 0.0690 | 0.9809
ii d | 0.9007 | 08154 | 6.90 2.30 3.90 2.93
v 1 0.0219 | 0.1802
iii w A e st BT 2.09 3.90 2.44
W 1 [Fig 8.24-afFig. 8.24-b
o 1 0.0900 | 0.9347
o 1 0.1456 | 0.8704
iv v 1 09350 | 09632 | 5.23 2.09 341 1.95
W' 1 [|Fig. 8.24-afFig. 8.24-b
w 1 [Fig. 8.24-a|Fig. 8.24-b
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a.l)

b.1)

Fig. 8.24. Weights representation in the Wisconsin Breast Cancer problem
for logical-type NFIS and a) Gidel R-implication, b) Goguen R-implication



Flexible Logical-type Neuro-Fuzzy Systems

Table 8.12 Experimental results

231

LOGICAL-TYPE NFIS WITH Q-IMPLICATION
(WISCONSIN BREAST CANCER PROBLEM)
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al)

b.1)

Fig. 8.25. Weights representation in the Wisconsin Breast Cancer problem
for logical-type NFIS and a) Zadeh Q-implication, b) algebraic Q-implication
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8.5. SUMMARY AND DISCUSSION

In this chapter we derived various weighted neuro-fuzzy logical-type
structures based on the binary, Lukasiewicz, Reichenbach, Fodor, Zadeh,
Willmott, Goguen, Rescher, Godel and Yager fuzzy implications.
Analogously to the Mamdani approach, we have also obtained simplified
neuro-fuzzy structures assuming that condition (7.23) holds. The
membership function parameters and weights are determined in the process
of learning. In simulations we have also incorporated and learned soft
parameters which slightly improve the performance of neuro-fuzzy systems.
Again the incorporation of weights and soft parameters gives the best
accuracy of all systems.

8.6. PROBLEMS

Problem 8.1. Replace defuzzifier (3.23) by (3.56) and derive a logical fuzzy
system based on the binary implication (see [15] for details).

Problem 8.2. Solve Problem 8.1 assuming that alogical fuzzy system is
based on the Reichenbach implication.

Problem 8.3. Solve Problem 8.1 assuming that fuzzy sets B, k=1,....N ,in
rule (3.9) depend on crisp inputs X = [)?I,...,)?N]e X (see [15] for details).

Problem 8.4. Incorporate weights to a fuzzy system derived in Problem 8.1.

Problem 8.5. Derive a flexible logical-type neuro-fuzzy system based on the
Dubois-Prade fuzzy implication given by

1-a if
Ia,b)=1 b if
1 otherwise

o~
i
o

(8.44)

Problem 8.6. Derive a simplified neuro-fuzzy structure based on fuzzy
implication (8.44).

Problem 8.7. Derive learning algorithms for logical systems based on R and
Q-implications.
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Chapter 9

PERFORMANCE COMPARISON
OF NEURO-FUZZY SYSTEMS

9.1. INTRODUCTION

In the book we have studied various flexible neuro-fuzzy systems.
Their performance was evaluated based on 14 typical benchmarks given in
Table 3.2 (see Section 3.6). However, because of the space limitation, we
have presented in Chapters 5-8 the results of only four simulations, namely:

. Box and Jenkins Gas Furnace (approximation problem),

u Glass Identification (classification problem),

bl Modeling of Static Nonlinear Function (approximation problem),
a

Wisconsin Breast Cancer (classification problem).

In this chapter we show comparison charts for all the 14 simulations. The
following neuro-fuzzy structures have been examined and compared:

a) Mamdani-type systems with min and product inferences,

b)  Logical-type systems with S-implications,

) Logical-type systems with R-implications,

d)  Logical-type systems with Q-implications,

e) OR-type systems with standard triangular norms,

f) OR-type systems with parameterized triangular norms,

g)  AND-type systems with standard triangular norms,

h) AND-type systems with parameterized triangular norms.

agr

In each case weights w;, and w*, i=1,..,n, k=1,..,N, and/or softening

parameters &, o’ and &, have been incorporated into the construction of
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neuro-fuzzy systems. The initial values of parameters of membership
functions have been determined by making use of the Fuzzy C-Means
algorithm (see e.g. [15, 74]).

9.2. COMPARISON CHARTS

In this section we compare the performance of various neuro-fuzzy
structures. For each of the 14 benchmarks given in Table 3.2 we present
comparison charts (Fig. 9.1-9.14) and comparison tables (Tables 9.1-9.14). In
Figures 9.1-9.14 the best results (the minimum of the RMSE or the minimum
number of mistakes) of applied neuro-fuzzy structures are indicated.

Box and Jenkins Gas Furnace problem
The comparison chart and the comparison table for the Box and Jenkins Gas
Furnace problem are shown in Fig. 9.1 and Table 9.1, respectively. The best
result 0.2407 is achieved for the weighted flexible OR-type neuro-fuzzy
system (Section 5.7) with the H-function generated by the algebraic
triangular norms.

1,20

0,80
0,60

Minimum of RMSE

Leaming sequence

Mamdani
Log. with S-imp. &

Log. with R-imp.
Log. with Q-imp. i

OR with non-par. . . ; =
OR with par.
AND with non-par, |
AND with par.

Type of the NFIS

Fig. 9.1. Comparison charts in the Modeling of Box and Jenkins Gas Furnace problem
for the minimum of RMSE
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Table 9.1 Comparison table (Modeling of Box and Jenkins Gas Furnace problem)

MODELING OF BOX AND JENKINS GAS FURNACE PROBLEM

M o Df‘, Training

ethod inputs RMSE

rules

Tong [96] 2/19 0.6848

Pedrycz [71] 2/81 0.5656

Xu and Lu [105] 2/25 0.5727

Box and Jenkins [5] 6/- 0.4494

Sugeno and Yasukawa [92] 3/6 0.4358

Wang and Langari [101] 6/2 0.2569

Sugeno and Tanaka [91] 6/2 0.2607

Lin and Cunningham [55] 5/4 0.2664

Kim et al [43] 6/2 0.2345

Kim et al [44] 6/2 0.2190

Delgado et al [16] 2/4 0.4100

Yoshinari [112] 2/6 0.5460

Rutkowski and Cpatka [85] 6/4 0.2416

our result (V=4) 6/4 0.2407

Chemical Plant problem
The comparison chart and the comparison table for the Chemical Plant
problem are shown in Fig. 9.2 and Table 9.2, respectively. The best result
0.0042 is obtained for the weighted compromise system (Section 6.5) with
the algebraic t-norm. A very similar results 0.0044 is achieved for the
weighted flexible systems (Section 5.7) with the H-function generated by the
algebraic triangular norms.

Minimum of RMSE
o=

Learning sequence

-
5
=]
E
|
=

Log. with S-imp
Log. with R-imp.
Log. with Q-imp.
OR with non-par.
OR with par.
AND with non-par. |
AND with par.

Type of the NFIS

Fig. 9.2. Comparison charts in the Chemical Plant problem
for the minimum of RMSE
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Table 9.2 Comparison table (Chemical Plant problem)

CHEMICAL PLANT PROBLEM
Training
Method RMSE
Lin and Cunningham [55] 0.0079
Pal and Chakraborty [68] 0.0092
our result (N=6) 0.0042

Glass Identification problem
The comparison chart and the comparison table for the Glass Identification
problem are shown in Fig. 9.3 and Table 9.3, respectively. The best result
98.44% is achieved for the following systems:

. weighted compromise system (Section 6.5) with the Zadeh, algebraic,
Dombi and Yager triangular norms,
. soft compromise system (Section 6.4) with the Zadeh, Dombi and

Yager triangular norms,
. weighted flexible system (Section 5.7) with the H-function generated
by the Zadeh, algebraic, Yager and Dombi triangular norms,

= soft flexible system (Section 5.6) with the H-function generated by the
Dombi and Yager triangular norms,

. Mamdani-type system (Section 7.3) with the min and product
“engineering implications”,

" Logical-type system (Section 8.3) with the Kleene-Dienes and
Reichenbach fuzzy implications.

Table 9.3 Comparison table (Glass Identification problem)

GLASS IDENTIFICATION PROBLEM

Method (R SEimg

Acc.

Dong and Kothari (IG) [17] 92 86

Dong and Kothari (IG+LA) [17] 93.09

Dong and Kothari (GR) [17] 92.86

Dong and Kothari (GR+LA) [17] 93.10

Rutkowski and Cpalka [85] 93.75

our result (N=2) 98.44
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Minimum of mistakes
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Fig. 9.3. Comparison charts in the Glass Identification problem
for minimum of mistakes

Ionosphere problem

Testing sequence

Learning sequence

239

The comparison chart and the comparison table for the Ionosphere problem
are shown in Fig. 9.4 and Table 9.4, respectively. The best result 94.29 is
achieved for the following neuro-fuzzy systems:

weighted compromise
triangular norms.

Table 9.4 Comparison table (Tonosphere problem)

weighted flexible system (Section 5.7) with the H-function generated
by algebraic triangular norms,
system (Section 6.5) with the algebraic

TONOSPHERE PROBLEM
Testing

Method e

Gonzilez and Pérez (CN2) [27] 83.96

Gonzalez and Pérez (C4.5) [27] 86.50

Gonzalez and Pérez (LVQ) [27] 87.90

Gonzalez and Pérez (SLAVE) [27] 82.40
Gonzélez and Pérez (SLAVE with OR and AND) [27] 85.40
Gonzélez and Pérez (SLAVE with OR, AND and Generalization) [27] 90.90
Gonzalez and Pérez (SLAVE with all operators) [27] 91.80
Rutkowski and Cpatka [85] 92.38

our result (V=2) 94,29
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Minimum of mistakes
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Fig. 9.4. Comparison charts in the [onosphere problem
for minimum of mistakes

Iris problem

The comparison chart and the comparison table for the Iris problem are
shown in Fig. 9.5 and Table 9.5, respectively. The best result 97.78% is

obtained for the following systems:

. weighted flexible system (Section 5.7) with the H-function generated

by the Dombi and Yager triangular norms,

. weighted compromise system (Section 6.5) with the Dombi and Yager

triangular norms.

Table 9.5 Comparison table (Iris problem)

Learning sequence

Testing scquence

~ IRIS PROBLEM
Method Testing
: Ace.
Gonzilez and Pérez (CN2) [27] 94.16
Gonzilez and Pérez (C4.5) [27) 92.70
Gongzilez and Pérez (LVQ) [27] 95.70
Gonzilez and Pérez (SLAVE) [27] 95.70
Gonzalez and Pérez (SLAVE with OR and AND) [27] 95.70
Gonzilez and Pérez (SLAVE with OR, AND and Generalization) [27] 95.70
Gonzilez and Pérez (SLAVE with all operators) [27] 95.70
Rutkowski and Cpatka [85] 97.78
our result (N=2) 97.78
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Fig. 9.5. Comparison charts in the Iris problem
for minimum of mistakes

Modeling of Static Nonlinear Function (HANG) problem
The comparison chart and the comparison table for the Modeling of Static
Nonlinear Function problem are shown in Fig. 9.6 and Table 9.6,
respectively. The best result 0.0485 is achieved for the weighted flexible
system (Section 5.7) with the H-function generated by the algebraic
triangular norms.

Table 9.6 Comparison table (Modeling of Static Nonlinear Function problem)

MODELING OF STATIC NONLINEAR FUNCTION (HANG) PROBLEM
No of Training

Metod rules | RMSE

Kim et al (SI) [43] 3 0.0935

Sugeno and Yasukawa [92] 6 0.2810

Kim et al (SI with FMAIUP) [44] 2 0.1403

Rutkowski and Cpatka [85] 4 0.0739

our result (N=5) 5 0.0485
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Learning sequence
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Fig. 9.6. Comparison charts in the Modeling of Static Nonlinear Function (HANG) problem
for the minimum of RMSE

The Three Monk’s problems
The comparison chart and the comparison table for the Three Monk’s
problems are shown in Fig. 9.8-9.10 and Tables 9.8-9.10, respectively. For
the Monkl problem the best result 100% is achieved for the following
systems:
" weighted flexible system (Section 5.7) with the H-function generated
by the Dombi, Yager and algebraic triangular norms,

» weighted compromise system (Section 6.5) with the Dombi, Yager and
algebraic triangular norms,

. Mamdani-type system (Section 7.3) with the algebraic triangular
norms.

For the Monk2 problem the best result 100% is obtained for the following

systems:

. weighted flexible system (Section 5.7) with the H-function generated
by the Dombi and Yager triangular norms,

" weighted compromise system (Section 6.5) with the Dombi and Yager
triangular norms.

For the Monk3 problem the best result 100% is obtained for the same
systems as in the case of the Monk1 problem.



Performance Comparison of Neuro-Fuzzy Systems 243

Minimum of mistakes
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Fig. 9.7. Comparison charts in the Monk|1 problem for the minimum of mistakes
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Fig. 9.8. Comparison charts in the Monk2 problem for the minimum of mistakes
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Fig. 9.9. Comparison charts in the Monk3 problem for the minimum of mistakes

Table 9.7 Comparison table (Monk! problem)

MONK1 PROBLEM_

' Trainin, Testin
Metliod Acc. § Acc.g

Dong and Kothari (I1G) [17] 100.00 86.75
Dong and Kothari (IG+LA) [17] 100.00 100.00

Dong and Kothari (GR) [17] 100.00 84.72
Dong and Kothari (GR+LA) [17] 100.00 100.00
Rutkowski and Cpatka [85] 100.00 100.00
our result (V=4) 100.00 100.00

Table 9.8 Comparison table (Monk2 problem)

MONK2 PROBLEM
Trainin Testin
b e . Acc. i Acc.g
Dong and Kothari (1G) [17] 80.47 63.42
Dong and Kothari (IG+LA) [17] 82.25 63.65
Dong and Kothari (GR) [17] 81.06 64.81
Dong and Kothari (GR+LA) [17] 31.66 66.51
Rutkowski and Cpatka [85] 95.86 88.19
our result (¥=16) 100.00 100.00
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Table 9.9 Comparison table (Monk3 problem)

MONK3 PROBLEM
Trainin Testin,
Methog Ace. ;i An:c:.g
Dong and Kothari (IG) [17] 100.00 94.40
Dong and Kothari (IG+LA) [17] 100.00 94.40
Dong and Kothari (GR) [17] 100.00 90.28
Dong and Kothari (GR+LA) [17] 100.00 90.74
Rutkowski and Cpatka [85] 100.00 100.00
our result (V=3) 100.00 100.00

Nonlinear Dynamic Plant problem
The comparison chart and the comparison table for the Nonlinear Dynamic
Plant problem are shown in Fig. 9.10 and Table 9.10, respectively. The best
result 0.0101 is achieved for the weighted compromise system (Section 6.5)
with the algebraic triangular norms. A similar result 0.0107 is obtained for
the weighted flexible system (Section 5.7) with the H-function generated by

the algebraic triangular norms.

Table 9.10 Comparison table (Nonlinear Dynamic Plant problem)

NONLINEAR DYNAMIC PLANT PROBLEM

No of Trainin Testin
Mol rules | RMSE. | RMSE

Wang and Yen [104] 40 0.0182 0.0263
Wang and Yen [104] 28 0.0182 0.0245
Wang and Yen [103] 36 0.0053 0.0714
Wang and Yen [103] 23 0.0057 0.0436
Wang and Yen [103] 36 0.0014 0.0539
Wang and Yen [103] 24 0.0014 0.0253
Yen and Wang [1'10] 25 0.0152 0.0202
Yen and Wang [110] 20 0.0261 0.0155
Setnes and Roubos [89] 7 0.1265 0.0346
Setnes and Roubos [89) 7 0.0548 0.0221
Setnes and Roubos [89] 5 0.0762 0.0500
Setnes and Roubos [89] 3 0.0274 0.0187
Setnes and Roubos [89] 4 0.0346 0.0217
Roubos and Setnes [75] 5 0.0700 0.0539
Roubos and Setnes [75] 5 0.0374 0.0243
Roubos and Setnes [75] 5 0.0288 0.0187
Rutkowski and Cpatka [85] 5 0.0328 0.0211
our result (N=6) 6 0.0193 0.0101

245
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The comparison chart and the comparison table for the Pima Indians
Diabetes problem are shown in Fig. 9.11 and Table 9.11, respectively. The
best result 80.2% is achieved for the weighted compromise system
(Section 6.5) with the Yager triangular norms.

Table 9.11 Comparison table (Pima Indians Diabetes problem)

PIMA INDIANS DIABETES PROBLEM
Testing
Method ey
Smith et al [98] 76.0
Ster and Dobnikar (Logdisc) [90] 77.7
Ster and Dobnikar (IncNet) [90] 77.6
Ster and Dobnikar (DIPOL92) [90] 717.6
Ster and Dobnikar (LDA) [90] 715
Ster and Dobnikar (SMART) [90] 76.8
Ster and Dobnikar (ASI) [90] 76.6
Ster and Dobnikar (FDA) [90] 76.5
Ster and Dobnikar (BP) [90] 76.4
Ster and Dobnikar (LVQ) [90] 75.8
Ster and Dobnikar (RBF) [90] 75.7
Ster and Dobnikar (LFC) [90] 75.8
Ster and Dobnikar (NB) [90] 75.3
Ster and Dobnikar (SNB) [90] 75.4
Ster and Dobnikar (DB-CART) [90] 74.4
Ster and Dobnikar (ASR) [90] 74.3
Ster and Dobnikar (CART: 1 1nodes) [90] 73.7
Ster and Dobnikar (C4.5) [90] 73.0
Ster and Dobnikar (CART) [90] 72.8
Ster and Dobnikar (Kohonen SOM) [90] 72.2
Ster and Dobnikar (kNN) [90] 71.9
Rutkowski and Cpalka [85] 78.6
our result (N=2) 80.2

Rice Taste problem
The comparison chart and the comparison table for the Rice Taste problem
are shown in Fig. 9.12 and Table 9.12, respectively. The best result 0.0369 is
obtained for the weighted compromise system (Section 6.5) with the Zadeh
triangular norms.
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Fig, 9.12, Comparison charts in the Rice Taste problem for the minimum of RMSE

Table 9.12 Comparison table (Rice Taste problem)

RICE TASTE PROBLEM

Trainin Testin
Method RMSE. | RMSE

Ishibuchi et al (Heuristic. K=4) [31] 0.0800 0.0624
Ishibuchi et al (Heuristic. K=5) [31] 0.0414 0.0764
Ishibuchi et al (Learning. K=3) [31] 0.0339 0.0518
Ishibuchi et al (Learning. K=5) [31] 0.0205 0.1887
Ishibuchi et al (Hybrid. K=2) [31] 0.0434 0.0563
Ishibuchi et al (Hybrid. K=5) [31] 0.0154 0.0812
Ishibuchi et al (NN 5 20 1) [31] 0.0330 0.0547
Ishibuchi et al (NN 5 30 1) [31] 0.0333 0.0542
Nozaki et al (Heuristic. o=50. K=2) [66] 0.0752 0.0872
Nozaki et al (Heuristic. ¢=10. K=3) [66] 0.0542 0.0698
Nozaki et al (Heuristic. a=5. K=4) [66] 0.0429 0.0600
Nozaki et al (Heuristic. o=10. K=4) [66] 0.0423 0.0606
Nozaki et al (Heuristic (0=5. K=5) [66] 0.0372 0.0762
Nozaki et al (Learning. e=200. K=2) [66] 0.0420 0.0560
Nozaki et al (Learning. e=500. K=2) [66] 0.0400 0.0611
Nozaki et al (Learning. e=100. K=3) [66] 0.0339 0.0516
Nozaki et al (Learning. e=500. K=3) [66] 0.0283 0.0658
Nozaki et al (Learning. e=200. K=4) [66] 0.0248 0.1183
Nozaki et al (Learning. e=500. K=4) [66] 0.0179 0.1200
Nozaki et al (Learning. e=200. K=5) [66] 0.0163 0.1883
Nozaki et al (Learning. e=400. K=5) [66] 0.0126 0.1887
Rutkowski and Cpalka [85] 0.0155 0.0427

our result (N=5) 0.0081 0.0369
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Wine Recognition problem

The comparison chart and the comparison table for the Wine Recognition
problem are shown in Fig. 9.13 and Table 9.13, respectively. The best result
100% is achieved for the following systems:

weighted flexible system (Section 5.7) with the H-function generated
by the Zadeh, Yager, Dombi and algebraic triangular norms,

soft flexible system (Section 5.6) with the Zadeh, Yager, Dombi and
algebraic triangular norms,

weighted compromise system (Section 6.5) with the Zadeh, Yager,
Dombi and algebraic triangular norms,

soft compromise system (Section 6.4) with the Zadeh, Yager, Dombi
and algebraic triangular norms,

logical-type system (Section 8.3) with the Reichenbach implication.

Table 9.13 Comparison table (Wine Recognition problem)

WINE RECOGNITION PROBLEM
Method Testing

Acc.
Corcoran and Sen [13] 100.0
Ishibuchi et al [30] 99.4
Gonzilez and Pérez (SLAVE) [27] 89.8
Gonzalez and Pérez (SLAVE with OR and AND) [27] 90.4
Gonzalez and Pérez (SLAVE with OR, AND and Generalization) [27] 90.4
Gonzalez and Pérez (SLAVE with all operators) [27] 93.8
Rutkowski and Cpatka [85] 100.0
our result (V=2) 100.0

The comparison chart and the comparison table for the Wisconsin Breast
Cancer problem are shown in Fig. 9.14 and Table 9.14, respectively. The best
result 98.5% is obtained for the following systems:

weighted flexible system (Section 5.7) with the H-function generated
by the Zadeh, Yager, Dombi and algebraic triangular norms,

weighted compromise system (Section 6.5) with the Zadeh, Yager,
Dombi and algebraic triangular norms,

Mamdani-type system (Section 7.3) with the min and product
“engineering implications”,

logical-type system (Section 8.3) with the Kleene-Dienes and
Reichenbach implications.
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Table 9.14 Comparison table (Wisconsin Breast Cancer problem)

WISCONSIN BREAST CANCER PROBLEM
Testing
Method X
Dong and Kothari (IG) [17] 94.3
Dong and Kothari (IG+LA) [17] 94.1
Dong and Kothari (GR) [17] 94.7
Dong and Kothari (GR+LA) 17] 948
Ster and Dobnikar (Fisher LDA) [90] 96.8
Ster and Dobnikar (MLP+BP) [09] 96.7
Ster and Dobnikar (LVQ) [90] 96.6
Ster and Dobnikar (Bayes) [90] 96.6
Ster and Dobnikar (Naive Bayes) [90] 96.4
Ster and Dobnikar (LDA) [50] 96.0
Ster and Dobnikar (LFC, ASI, ASR) [90] | 94.4-95.6
Ster and Dobnikar (Quadratic DA) [90] 34.5
Rutkowski and Cpatka [85] 96.6
our result (V=2) 98.5

9.3. SUMMARY AND DISCUSSION

In this book we proposed anew class of operators called
quasi-triangular norms. The operators have been applied to design a new
class of neuro-fuzzy systems. At the design stage we do not assume
a concrete form of fuzzy inference. Therefore, we applied H-operators and
trained flexible neuro-fuzzy systems. For the first time in literature the
inference of neuro-fuzzy systems has been established in the process of
learning: either the Mamdani-type represented by a t-norm or the logical-type
represented by an S-implication. When the learning process is finished, the
trained neuro-fuzzy systems based on H-operators take simpler forms based
on t-norms or t-conorms. In Chapters 5-8 we derived and tested various new
neuro-fuzzy structures. They are characterized as follows:

(i) The OR-type system is “more Mamdani” (0<v<0.5) or “more
logical” (0.5<v <1). In the process of learning only one type of
system is established (v =0 or v =1).

(ii)) The AND-type system is acombination, controlled by parameter
Ae [0,1] , of Mamdani-type and logical-type systems. In the process of
learning only one type of system is established (A =0 or A =1).

(iii) The OR-type is equivalent to the AND-type system if v=A4=0
(Mamdani-type) or v = A =1 (logical-type).

(iv) Parameters v and A  after learning do not take any value in the
interval (0,1) because only for v=A=0 or v=A4=1 systems

presented in Chapters 5 and 6 are defined by triangular norms.
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Comparing various neuro-fuzzy systems presented in Chapters 5, 7
and 8 we see that when parameter v in the OR-type system (Chapter
5) takes the final value equal O (the system is of a Mamdani-type) then
the performance (RMSE or mistakes [%]) of the Mamdani-type system
presented in Chapter 7 is better than the performance of the
logical-type system presented in Chapter 8. This fact is illustrated in
Table 9.15 on the HANG problem.

Table 9.15 Performance comparison for the HANG problem

OR-type neuro-fuzzy Mamdani-type Logical-type
system with algebraic neuro-fuzzy system neuro-fuzzy system
triangular norms with product with Goguen
and with v=0 after implication implication
Jearning (Chapter 5) (Chapter 7) (Chapter 8)
Performance
(RMSE) 0.0485 0.0529 0.0948

Similarly, when parameter v in the OR-type system (Chapter 5) takes
the final value equal 1 (the system is of a logical-type) then the
performance (RMSE or mistakes [%]) of the logical-type system
presented in Chapter 8 1is better than the performance of the
Mamdani-type system given in Chapter 7. This fact is illustrated in
Table 9.16 on the Ionosphere problem.

Table 9.16 Performance comparison for the Ionosphere problem

OR-type neuro-fuzzy Mamdani-type Logical-type
system with algebraic neuro-fuzzy system neuro-fuzzy system
triangular norms with product with Reichenbach
and with v=1 after implication implication
learning (Chapter 5) (Chapter 7) (Chapter 8)
Performance
%) 571 8.57 6.67

(vi)

(vii)

This confirms that the OR-type neuro-fuzzy systems produce in the
process of learning a correct system type. The same conclusion can be
drawn analysing the performance of the AND-type system.

The most influential parameters are certainty weights w/, € [O,l],
i=1,...n, k=1,..,N and w*e[01], k=1,..N. They
significantly improve the performance of the system in the process of
learning.

The influence of soft parameters & € [0,]] , &' e [01], a® e [0.1] on
the performance of the system varies depending on the problem. In
many cases soft parameters improve the performance of neuro-fuzzy
systems even if certainty weights are not simultaneously used.
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(viii) The Dombi and Yager parameterised triangular norms sometimes
improve the performance of neuro-fuzzy systems because they have
additional parameters to be tuned during the learning process.

(ix) The best results are obtained for neuro-fuzzy systems based on all the
flexibility parameters described in Chapter 4. The weighted flexible
systems (Section 5.7) and the weighted compromise systems
(Section 6.5) are superior to other systems in most cases.

(x)  In most cases neuro-fuzzy systems based on S-implications give better
results than R and Q-implications.

As we have mentioned, the OR-type systems, presented in Chapter 5, and the

AND-type systems, presented in Chapter 6, produce the same type of

inference (Mamdani or logical) in the process of learning. From simulations

it follows that (see Table 9.17):

a) Neuro-fuzzy systems presented in Chapters 5 and 6 become of the
Mamdani-type (v = A =0) for examples 1, 2, 6,7, 8,9, 10, 12.

b) Neuro-fuzzy systems presented in Chapters 5 and 6 become of the
logical-type (v = A =1) for examples 3, 4, 5, 11, 13, 14.

Table 9.17 The results of simulations

No Name of simulation Type of inference model
| Box and Jenkins Gas Furnace Mamdani (y=A4=0)
2 Chemical Plant Mamdani (y =4 =0)
3 Glass Identification logical (y=41=1)
4 lonosphere logical (v =A=1)
5 Iris logical (v=A=1)
6 Modeling of Static Nonlinear Function (HANG) Mamdani (y=1=0)
7 Monk 1 Mamdani (y=4=0)
8 Monk 2 Mamdani (y=4=0)
9 Monk 3 Mamdani (y=4=0)
10 Nonlinear Dynamic Plant Mamdani (y=4=0)
11 Pima Indians Diabetes logical (v=A4=1)
12 Rice Taste Mamdani (y=A4=0)
13 Wine Recognition logical (v=4=1)
14 Wisconsin Breast Cancer logical (y=4=1)

We conclude that the Mamdani-type systems are more suitable to
approximation problems, whereas the logical-type systems may be preferred
for classification problems.
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It would be interesting to verify if flexible neuro-fuzzy systems studied in
this book are universal approximators (see [46, 47, 100, 102]) which are
capable of uniformly approximating any nonlinear function over U c R” to
any degree of accuracy if U is a compact set. It is well known that the
Mamdani-type systems are universal approximators (see e.g. [100]). On the
other hand, it has been stated (see [47], page 140) that generalizations of the
standard fuzzy rule based modeling methodology have a universal
approximation property. This explains a very good performance of flexible
Mamdani-type neuro-fuzzy systems studied in this book. The universal
approximation property for logical neuro-fuzzy systems remains an open
problem.

Another convergence property is possessed by probabilistic neural
networks [77, 78, 79, 86, 87, 88] applied to system modeling and
classification. In the future research it would be also interesting to investigate
relations between flexible neuro-fuzzy systems and probabilistic neural
networks. It has been observed in [100] that Mamdani-type neuro-fuzzy
systems are functionally very similar to probabilistic neural networks.



Appendix

In this Appendix we show derivative operators necessary to derive
learning procedures for neuro-fuzzy structures presented in Chapters 5 and 6.

a) Basic operators

Addition operator

y=3x
i=l

(1)

(2)

3)

(4)

()
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—al=1

da b

y__a
ab b?

Minimum operator

y= E}in{xr‘}
dy _J1 for x,=y
ox, |0 for x,#y

Maximum operator

y =max{x,}

y I for x =y
ax, |0 for x,#y

Compromise operator

N,(a)=(~7,0)1-a)+ f,(v)a

v, (a)

Y 2/, (v)-1
N, (a) _ AW
v (22~ 1)?

Arithmetic average operator
1 L
avgla,a,,....a,)==) a,
nig

davgla,a,,....a,)

g,

=1
n

Aggregation operator

Glana, 10)= (-1, (#)a, + 1, (0)a,

<9G(a,,a2 ;¢)_
"‘Tal—‘——l‘f,@))
Z)G(a,,a2 ;¢)

)

(6)

(M

(8)
®

(10)
(11)

(12)
(13)

(14)

(15)

(16)

(17)
(18)

(19)
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3Gla,a, :¢) . ()
a_¢- = —(aI —a, )W

Defuzzifier operator

def(aw) (wj —def(a;w))%

da, Z a
i=1

. oa,
ade;(a,w)z[al_ ~def(a,-w)ai] "1
W, W/ za‘
i=l

i

b) Membership functions

Gaussian membership function

,,()p[[)]

ox a?
a,uA(x) \Z(X—E)
ox =l ot
aﬂA(x) (X\Z(x—f)z
do AT g

Triangular membership function

0 for x<aorx=c

=
!
o

for asx<h

(%)=

o o
11
= R

for b<x<c

o
|
o
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(20)

3y

(22)

(23)

(24)

25

(26)

27

(28)
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I, (x)
3b

Constraints

©)
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0 for x<aorx>c
1
for x=a
2(b-a) (29)
! £ for a<x<b
b-a
c—-2b+a for b
2(c-b)b-a)
——1—8 for b<x<e
c-b
1
- £ f =
2(c—b) or x=c
0 for x<aorx>b
| (30)
= g for x=b
2(b-a)
X—a
e for asx<b
(b~a)
0 for x<aorx2c
a—xze for as<x<b (31
(b-a)
a-2b+c
for =b
2c-b)b-a) ¢ *
c—x
—E for b<xgc
(c-b)
0 for x<borx>c
(32)
= £ f =
2(c—b) or x=c
x-bze for b<x<c
(c~b)

Constraint for parameters ve |01|, e [0,1] , '€ [0,1] , o' e [0,1] s
1

a®elol], wielo],i=1...n k=

2z

N w¥el0l], k=1...N,

Psy (33)

“roxp(-(p,x - p.y))

*t P
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Fig. 15. Plot of function (33)
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Constraint for parameters p* e [0,00) , p’ € [0,00) , p™ € [0,00)
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025 1 -
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-0,25

Fig. 16. Plot of function (35)
for p, =10, p,, =5, p,,=0

3/5()‘) P ::f,(x)(Hp”(p‘3 wx= () (36)

d) H-functions

Argument of the H-function (given by (5.48))

N LAY L)AL ) a7)
e et
e -

—Ja2
da;
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darg,{a,w,v) _ _a¥aw)
_——BW.- =(a+£,[v) 1)-—87

aargi(ai'wi'v) _ (fzz(Wf)“ l)afz (V)

ov -

v

The Zadeh H-function with weighted arguments

~

Hla sw)= N, ma ¥, arg, (0, )

H‘(a ;w,v): ﬁv(h'(a ;w,v))

where
asw,v)= Tax{ﬁv(arg,(ai,w,,v))}
@2r.0)-1) .
BH'(a ;w,v)= darg,(a,w,v) for h'(a ;w,v):N‘,(arg,(a,,w,,v))
9a, da, .
0 for '(a;w,v)#% N, (arg,(a,w,v))
2r,0)-1) .
M (asw,v) | darg,(a,my) for Alasw.v)= N, (arg (a,m,v)
ow, ow, .
0 for h'(a ;w,v)# N, (arg,(a,w,v))
E)H‘(a ;w,v)__ A
= (24°(a ;w,v)-1)+
ooy (27, )2,
+(2/,{v)-1)max
0+ 2arg o)) 220
av
The algebraic H-function with weighted arguments
H'(a ;w,V):]\7‘,[1-—121(1—lvv(arg,(a,.,w,,v)))]
H (a ,w,v): NV(h‘(a ;w,V))
where
h(a;w v)=I—Ii[(l—]\va(arg,(a,,w,.,v)))
i=l
oH'(a ;w, {a,w,v)y ~
A ).y 2L - g, 0,0)

i i u=l
u#i

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50
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aH‘(a ;W,V) _ 2 ad argi(ai’wi‘v) - N
T b | (LR

i n=l
i

aH‘(a;w,V)_ o UAQ,
____5;————_.@h @ ;w,v)-1)L2

¥, )
2arg.{a,w,v)-1)<2<
(2arg,(a,w,v)-1) 3v + .
darg,(a,w,v)

+(2f,(v)-l)i +2£.0v)-1) >
I"I (1 -N,(arg, (a“,w",v)))

u=l
i

The Dombi H-function with weighted arguments

RS
i ;w,pv)=N, 1—[1+(i(]\7v (arg, (a,, w,,v))" _1)-/,.(;:)) r:.(ﬂ)]

i=

H‘(a ;W,P,V)= ﬁv(l_}?(a ;W,P,V))

pe(0,)

where

i=1

ﬁ*(a ;W,p,V)={l+(i (ﬁv (argi(a,,wi,v))“ _1)—f..(ﬁ))m]

A I ~u(p)
M_—_ (2f (V)_1)2 (h*(a §W,P,V) | _1)1 Sulp |
da, : il"(a ;W,P,V).‘z
. (ﬁv (argi(a,.,wi,v))" . 1)le(/')-| '
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darg(a,w,v)
dq,
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ow,
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(1)

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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aﬁ'(a ;w,p,V) - 2£.(v)-1 (ﬁ*(a ;W’P’V)_I _J"fn(")
ap fu(p) i sw, o)
&, = n({¥, arg, (a,,v))" -1) (59
=l (ﬁv (argi(ai'wi'v))_l —l)/ﬂm+ )

_ ln(ﬁ*(a ;w,p,v)"—l)
(};'(a ;w,p,v)_] —Jlﬂm

ale(p)
op
M:(l—Zﬁ‘(a ;w,p,v))af’(v)+ (60)

v

\(E*(a ;w,p,v)~1—1

)-fn(p)
+(2/,v)-1)
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The Yager H-function with weighted arguments

A'a;w,p.v)= ﬁv{minl1,(iﬁv(argi(ai,w,.,v))"“(")ij (61)

ﬁ‘(a ;W,p,V): ﬁv(min{l’};"(a ;W,p,V)}) (62)

[Z‘[*(a W, p V): ﬁy(ﬁ*(i ;W,p,V)) for iz‘:*(a ;W,p,V)Sl (63)
T N, (1) for h'(a ;w,p,y)>1

pe(0,) (64)

where
]

il.* (a ;W,p,V) = (i ﬁv (argi(ai’ wi’v))fu(p)an(P) (65)
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